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1 MMO-47-pIH OYHrARH TyXall TalljlaH

1. Hammopx
Dpzam Tyndam mamemamury bazw, cypazuud aa!
MMOXopoonvt euwyydas!
OB-atimeutin 3acae dapea U. Toemozcypan
Opdam yraand 2ym wymasemat Opepranzaiuyyd aa,

Mosnronsis Matemarnkuita 47-p Onmumnuan 2011 oxsl 05 capen
02 -07-HbI X00pOHM ApPBafix39p CYMaHI aMXKUJITTAH IBArOaX JYHI)
raprax OaiiHa. Dm> ynaarmita onuMmnuanan 21 aimar, Ymaan6aarap
XOTBHIH HuliT 22 6aruia 76 Gara, ayEmeH 6armi, 259 cypardun opod-
nox Huir 335 XYH OIOVH yXaaH, aBbAaC 4aABapad COPUH yPAIAIIad.

OH> ynaaruilH OJMMIAAALIT 30XUOH Oaliryynax, 65/aTTrosl axkJIbIr
xanraxan OB alvruiin 3acar mapra, 3acar DapTbIH TaMIBIH Ta3ap,
afimruite Bonoscpon coénem razap, [IYTUC-uin OB-naxs canbap
TexHOMOrUIH Cypryyiab 60moH Eperxuit 60510BCPOI Cypryyilb, IBUBD-
JISCYY WX99XOH XYUMH YapMaliT Paprax aHxaapall XaHOyyJICHBIT
30pUyA TOMIRTISX éctoi. [aopx HAp OyXwil HMAT XaMT OJIOH, CAMH
caHaAT JAMAKUCYUAL? MOHTOIBIH HUAT MaTeMATUK YIBIH OGMHOOC Ta-
JIapXxajl WIDPXUHIbE.

Ommvmuanan 8-p aaruita 92 cypard oposmconooc "Opumnor" cyp-
ryymuita cypard I11.3on6asp 33 ornooroop 1-p Gaiip 333/mK, 8-p AaHIUAH
aBapra 6omm00. ¥YB xorwE 1-p cypryymuiia cypard b.Mmaxus, Yb
"Onormor" cypryymmita cypard B.Menx-OpmsHs Hap 28 OHOOTOOD
2-p Gaiipwir, "Onomstor" cypryyauita cypard A.Cyx6ar 27,5 oHoo-
roop, OB atimruitn Yicer Topryyaumit "Mapran" cypryymmiie cypard
I .Merx-Oprun, YB 11-p cypryynuitu cypar« Il. barsopur, b.I'anxsT
Hap TYC Tycxaa 25 oHOOroop 3-p GalphIr 33371K aJIT, MOHI®, XYP3JI
MeTATANHE 3331 0000100,

Omuvmuangan 9-p amrmite 64 cypard opodrcoHooc 1-p cypryy-
muite Y.30a600 25 oHOOr0Op 1-p Gafip 33371k 9-p aHTHIAH aBapra cy-
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pard Gomnoo. YBc ammruita "[uws-Upssayit" cypryyamita cyparda
H.Temep-Ouup ¥B 1-p cypryymumiia cypars B.Bar-Oprun map 21
oHOOTOOp, 2-p Gaiiprir,"Opunon" cypryynuita cypare M.Aramn, 11-
p cypryynmie cypard b.bar6onn, map 17 omooroop, "Opunor" cyp-
ryymuiis cypard III.3om6asp 16 omooroop Tyc Tyc 3-p Gaiphir 333mx
aJIT, MOHTS®, XYDP3JI MENAJIAAH 9337 GOMIroosoo.

Omuvnmanan 10-p anrmite muiir 61 cypard opomconooc "Omnos-
aor" cypryysmis cypars B.Bar-On 30 orooroop 1-p 6aitp 333mx%, Y-
ChIH MaTeMaTUKUiH 47-p onuMmuanbie 10-p agrumitn aBapra cypard
6omnnoo. 1-p cypryymuita O.0Opruin-Opasus 28 onooroop, B.Baarapxyy
27 onooroop 2-p Gaitperr, Y.3aga, H.Buxtep, I.Tanmannax map 21
OHOOTOOpP TYC TYC 3-p OaMpBIl 93371X aliT, MOHIe, XYPJI METAJIIAH
33311 6OIT00II00.

Omvnumanan 11-p asrmiia #uitt 45 cypard opomicorooc 1-p cyp-
ryymuie B.Barxysar 23 oxooroop 1-p Gailp 9331k YJICHIH MaTeMa-
TUKWH 47-p omummmanbie 11-p anruitn aBpara cypard 60mmoo. 1-p
cypryymaitn b.Terenmep 22 omooroop, I’ Xamuyr 18 omooroop 2-p
Gaitpeir, 1-p cypryynmita cypyrd L.Iparyys, "Osmommor" cypryy-
nmite cypard O.Bbambanopx map 17 omooroop, Apxanrai afiMruia
1-p cypryymmita cypard II. TesmmraTep 14 onooroop Tyc Tyc 3-p Gair-
PEIT 333JIXK 3JIT, MOHTO, XYP3J MEAAINIH 3331 GOIIIro0Io0.

Ynceir MaTemaTukuite 47-p OnEMORAIAL AMKWITTAA OPONIICOR
I33px H3p Oyxuit Cypardml, OMUMIOMANAL CYParyiaa aMXKWITTAM
63n1Tr3) oposmyyncas 6arm HapT MOHTOIBIH HUNT MATEMATHK IOLIH
H3DUIH OMHO6C UHH CITTHINIAH TATAPXail WISPXUiiibe. Bari Hapein
ONAMIMAALIT 6ara, TyHL I'3COH XOED aHTWIIAJIAAD ABYYJICHBI OTPOOC
0ara aHTHAH MaTeMaTUKUIH 32 Garur oposnconooc, OB aitvruiia Y-
ceH Tapryyuui "Mapran" cypryymuita 6arm 1. Uymyyaxyy 27 osoo0-
roop Typyynx, ¥Yb "Tercmanrapsx" cypryymmiin 6arm H.IJasaa 25
oHooroop, "Opunor" cypryymmite 6arm Bb.2Kaprancypsa 22,5 onoo-
roop ynaax Gafpyyznan opioo.



Iysn anruiie Garm HapblH ONTEMIUANAN guilT 44 Garm opodco-
gooc Cant cypryymmita 6arm Y.Cyrapnopx 32 OHOOroOp TYPYYIIXK,
"Ogommor" cypryymmita 6arm B.I'an6umsr 26 onooroop I1 Gaiip, Ca-
soErs ajivrmits 6arim J1.BysaTorTox 21 onooroop 111 Gaipair 933111133.

Baruiis JyHr?3p aliMar XOTyyasIr Gailp 331yYIoxon
H.TsupoHCcypas axmararai Y maanbaaTap 6ar IyHAaX OHOO 16,4-e6p
1-p Gaitp, I1.Maapumiz6aamoo axmararaii OB aivruiie 6ar oyHIAX
oH00 15,2-00p 2-p Gaitp, 11.0xrapan axmardrait VYse aiimrmiia Gar
LyEAax 0HOO 13,3-aap 3-p Gailpany MAIrapiaa.

YB xorsm "Opunon" cypryymumitn 8-p aHMMiE cypard
IM1.30n6asperr Y.[laBaanopxuilE HIPIMEKAT "Tapamraft amxuiar"
Tycrail MarHAaap UIArHAX Hb syitrait Tax MMOZXopoo y3mad.
MMO-47-x 1-p cypryyib 12 menais, "QOuonsor" Cypryyiab 5 MeOalb,
"Opunor" cypryyis 4 menans, 11-p Cypryyib 3 mepans, OB alimar
9 menams, YB-Tercmarapsx, Yb-Canr cypryyn, Apxanrait, YBC,
Comaars aiimMar Tye Tyc 1, 1 Menaib apd OMMMIUAAAL OPOIIOra00
XOHIYYWIAH CAfiXaH aMXKUIT Faprajiaa.

Du> xwmits 7-p capa Lomtannbss AMCTapAaH XOTON 6osox
OYMO-52-pm Gorrrang YB 1-p cypryymmits 11-p anrmite aspara
cypard B.Barxysr, b.Tereanep, " Xamuys, I.Iparyys, "Onounor"
cypryymmits cypardy O.Bambanopx, Apxanrai aitMruiie TeBmuHTED,
"Ogorsor" cypryynuiis 10-p anruiH cypard B.Bar-On, ¥Yb 1-p cyp-
ryyauits 9-p amrmita cypard Y.30m600, "Opumor" cypryyauiin 8-p
agruiin cypard 111.3om6agp HApBIL YIA9X39D OuMIUAIBEH XOPOO
HIARIBIPIIINIII.

OYMO-52-b1m GonTron OarTax WAArapcal Ta OYX9HID aMm-
FKUIT XyCI, MOHTOIBIHXO0 HIPHIT IOIIXUIH TABUAHT [y yPCrax XyHa-
Toi GEres XApUYyIIaraTail Yl X5pruilH TeJI66 MISBXHA JapPMARAT
rapraH caifiy 63ITT9XK aMKIITTAl OPOTIIOXBIT Morronsms Huitt Ma-
TeMATWKUIbIH HIPUITH 6MHOOC Jaairax OaiHa.
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Mbspran cypryynuite saxupasn, MMOXopoors: rumryys
C.Opnorsbmisraitr OY MO-2012-mitr MosTomsE 6armiis opIord yaup-
Iardaap TOMWIOX Hb 3y#tTait rax MMOXopoo y3mss. Opmam owoyn
monrapd MoHronn MaTeMaTHKUIBIH OIOYH yXaaH yiIaM XOTKHH J3-
rapax GonTyrail. AHxaapan TaBbCaH Ta 6yxoHI 6adpiaaa.



2 MATEMATHKUH AMUH YYXAJT ACYVYIIIYY ]

MYMUC-uita 70 xuimiiH Oin 30pnysas

yeJIeeT JIEKL]
1. MaTeMATHK COTTJIC39HMIA FyPBaH YHACOH 3apauM
/2012.03.09. MYUC-nits ayryi saanass 16:00 nart /
9-3. MaTeMaTHKT 0yT, SaX Cymjiax écromt B3? /MareMaTu-
kuite 6ypxas oyr cyAajiaar B3?/

1. MaTeMaTHK CITTJITIPHMN (6a'ranraaﬂm) 3 YHACOH
3apunM
(mypam, TeopeM, TOMBEO)

I1. Jamnopx
1.0. YaupTrasn

DH> yOUPTTadl X3CICT MUHUZIT 9PX3M IIaBb MATEMATUK
TL.Dux6onasE 50 HACHB! OAT TOXUOMIYYTAH By YyIICaH I1.9ux60n1bIH
H3PIMKAT Y JICHH MaremaTukniia XY paigaany, 30pHyixK Onesnep
coanuooc 2008.12.18 Hn rapracal HYYPT MuHWI ORUCOH 2 eryysn
GYpoH 5X33PID NAXUH XIBIITIINK Gajtaa. DH 6CYYIIII Hb OPIeH 010H
YHIIUCYAa] 30pUyJICan yHIpaac fMap 4 TeopeM TOMBEOTYHIIIP 6u-

qurAcoH 66ree 000 XapyuH TYYHIN MATEMATHKUIH HAPUAH TOMBEO-
71031, TEOPEM, TOMBEOT 1.1- 1.3-1 aB4 y39X OailHa.

HspT MaTeMaTHKd IL.Dux6onanHE M3uAICHNA 50 HACHBI
o, TYYHUI HIPIMXHUT MaTemaTukuite YacsiH X
Ypasnaann
MaTteMaTUK MUHY
Horas 3yiin. CaTragar asaal 60J1 XyMYYHUIAr

aMbTHAAC AJIrax rojl ajiraa 6oJ10i1.

CoTronrasHEd HOBH oprmil 001 MaTeMATHK POMATTON YCAH TOHIT o
Mapraxryi Oyi3aa. T5roxi135p MATEMATAKAAP YPALAAHA TOAST 6o



XYMYVH I5[5T OOArajIniiH XKINHXIHI MOH YaHAPLIH YPAIIaaH 0M. DHI
6n MaTeMATUKUIH yDaJIaaH TIATHIAH TOD JAAra, MYIIIHIWIE yPaJi-
HaaH JIyTaa Cypard, OKYTHYYIOBIH OIAMIMAAYYOAAC DXJII9I X3I3H
apas, 3yy OYp MfAHTaH XIJINAH HACTail MAaTEeMATUKWHH XYHI 60Om-
JOTYYIBIH TOI60X MATEMATHKHITH OYPXaIblH XOOPOHI OJIOH apBaH
KUI3OP YPIIDKUIIST 6PCOINOOH TIMISHUNAT U XaMaapyyK Oaii-
raa yHIIUCY aBrai 099p 60/mroox axaamyy. XyMyyC Mamm OJI0H TOp-
ne6p ypanannar, Tommanmor. Hoxoit 4 racss ypammnar, sonommuor,
30[071I0X00p00 OYp anaxaac HAAXHYYD oM Gommor. Xs3pB33 HOXO 30-
ool rox Gaiinar 601 Yunrncmits MOHIOI00C MUHE XOyyD, XOOyyp;
XaipaH 9 MOHTOI 3aityyc Musb!!! XymyyH TepemxTon su cailxan H3-
POHIIP3 30XUIOXYUI[ TOTC TOTOIAOPXKCOH YENId JI OOYH YXAaHEl ypaJl-
D33HI OHLTOR a1 XONOOTION 6r'Y, TYYHUH Y IIMMEAT XYPTIXK OIYHEI
IDHT3IUIH MAHIAiT 303X Oyif 3aa. XYMYYHUI CITTHIIN) X371 ApUa-
raapaa JaMXWH WISPAAT. OHreHeeC Hb XapBail X5 IDMAHLI MAAHb,
YHOH 9aHapTaa GOl COTTIATIoHMIA MAAHD HAak A3TYYP YHASC Hb 6Ud-
THAH X9UISHOYOIMHTICIH Gaiix yumprail 60os yy. Ssryypem Gmd-
33 COMMX Hb COTTIIIIISHUNA raXyyAIaac eICyyIndn XUAMaII 3pXTHIMI
OJIOH TaXTWUT Haryynax 6enres.
Horam 3yin. Ilanxmii 3 3aansl HypyyH A33p TOrT-
HOTTYM I0Maa r3X34 XYMYYHMI C3Traras 3 "oyunt" HypyyH
A33P TOTTAOr aMOii.
MaremaTuk rax33p 11 TOrcrearyil ONOH OMHBLI TyXail spuan GaiiHa
rax BoHoX XaH#sara 6aix MIIOX 10M. MaUIsTuita Xypos ToIx, IyH3-
ruipax 6yp aBy y33x 6Gyil IOMC yilaM HapUiH OJIOH TaITail GONOXBIH
X3P33p TIA3H 33D XMATASXK YHIIYYA U MOH THD UMHISL33D JaraH
OOPWIOTAOXK, TIH/SX 3Y#l TOrTIIyy[ HADHIH TYBII'TOU XapariaHa yy
r9X35C GUII M39D X37ICIH 3 YHICIH 3apUMAAc 66p WYY IIMHS CITIII-
T99HUM 3aPIAM rapd UPHI raX Naand Gaimarryi 6omon. Omoo 6u 513
3apuMyynaa OMITOMXKTONroop Tainbapias.  MOHIOIBIH MaTeMaTH-
KWilH OJIMMIAAIbIH XOPOO C3IB3Y YPhIUWIAH 3apilax Gairaan Garr,
Cyparuzisie IyHn MaTeMaTHKuiH TOPOIKCOH HyBpaJl OMMIINAL I5T-
qmir aByyanar. Tyxain6an Jupuxieiin 3apauM T5C3H cansB Gaitna.
I anrmitn Gaarpyyn 4, V aurmin Ganaamyyn 1, X asrmiH
aX, 5r'Y Hapd4, OOH yJICHIH MaTeMaTUKUiH ONMMIOVANBIH XaMar Me-
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maguitr xamcan MY UC-uite OHOTBIH MATEMATHKUITH AHTTIH JAHATap
OIOYTHYYL ‘1. THAHUE OAril Hap snraaryin 6yrn anwixaH FaHixaH
5H3 3BIP I TYPaB, IypBas OOMI0TO Gomox ypannaar. Conus Gait-
raa 6u3. Too GOIOX T9XK yladpaan epTOHIHMITH OyX IOMBII MApTHUX-
caH GaAAHBID XapHa I3I0T MATEMATUKY xyHuil 6ac HAT Kaprajl Aaa.
Jlmpuxieits 3apIMBIH SHIHHH x57165p Hb b TyyiIair 4 TOPOHA AaX 1
GaipIIyyIICaH AlTb Al HOT TOPOHZ HOP XadXK 2 Tyynail 3aaBaj Omil 13-
COH X37163P39D TOMBEOIOT AHOT - MaTeMATIKHIH adb 9 TYBIIHUI COT-
FICH3H AMAp AYTAAPTAIl XOI9H TOPHIT A8 COHTOX B, AMAP Iyraap-
Tajt X9I9H TYYJIAHT 432K COHIOX BI, XaMuitH ToJ1 acyymas 6o TyXaiH
aBy y35:x Oyit GommoroTon x0nGoOOTORT00p TYYIAMHYynaa TOPOHT AaX
GaipiyyiIax B3 TOHAT J1 KUHXOHD Gomox cTolt acyynas 600x00¢ G
OYTHIITUAT Hb Jupuxseite 3apuuM agHnad xmitrasy erue. Heree
HAT 3apumM (O OPYYJIaxX, Taprax 3apHuuM oM. Mamaii aHrIS IATaP
TOTJIONOT TOM, TEHHHC TOMJIONOT TOHSH XYYXSI oull T.M. HOXUIOIL
5HS TYDPBYYJIAHT Hb TOLJIONOT X3I9H XYYXOX 6uit B3? T.M. acyymasn
XAPUYT 6reX TOMBEOHYYH I33P AXKMIIAX ABIAT oM. ['ypas maxb
3apumy 6071 XOJIBH JITAATAIL TOMOONEr M CORTOX 3apTuM Oyi0y
casbi GOIVIOTBIH TOMBEOJIONT, AMap HOXLeN Omeyx GaliBall IATap
ToryIomor 1, JaaM TOLVomor 1, TEHHMC TOTJIONOT 1 XyyXOuAr COH-
TOXK ABU UaJAX BY TICOH 3apUUM I0M. CoTranrasHnil TYIAryyp 3apd-
MYYOBIT Y€ MATTall HHrIXK xanbapunas 6oy OrBel SXUiH CYYT3H Hb
xaMT OalTuip OI0YHI Hb T'YH CYyiTrax eroxryit 6051 AMapY aBbAAC 6ait-
raal WX MATEMATUKT aMXHIT OJOX Maraijall Gara fom. Ilypmumir
Hb X339 6rBeJl PyOuKMIH MI00T aKaieMud, MBIOPIATHHE CIPTIIIH
falaal XOSpHIH X5H Hb XyPIAH 3BIYYIX Gon. Monromuits MaTema-
TUKWIE OMAMINAABE X0POO MATEMATHKT MHIOXK XaHINAr GOIICHOOD
MAHAH MATEMATHKHUIH CYyph OONOBCPOIIBIH TYBIIMH IMBNXUAH OyHA-
XaaC IOryyp Oaiiraa, Xapue ONWMIMAIBH TYIIIAH IRIXARL TOP-
ryyixk Gaiiraa T9XK Xd7I9X33C39 6u orT aiixryi 6aiHa. OnuMImasan
AMKIUIT TAPTaXbIH TYJI OJI0H GOMIOTO GOmOXK KX I[ar Tapraxaac b
6ONOX00p COPIMKIIIK, OHOBUTOH TOCH GOLIOro0p OOYH yXAAHBIT Hb
XOUXKYYIdX TAl H39D OHIL AHXAap1 aXuliax Hb MaHAH MaTeMaTH-
kUit Garm HAPHIH 3PXoM YYPar GOMoH. X5pB33 MBI3H TITLITIML
ommnorcon Gon ranmxan dupuxieils 3apuMaap 1 [oXol yaupad Oyp
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ypasmaaH aByynaan 6aiixan HaaHanax Jupuxieiis 3aptuM Naaii-
6as MaTeMaTHK MaAHL yiaaM Oadnar, yjgaM XydTd, yiaaM I'yH, yiIaM
aryy 6agu OOITK XaparmaXblH Callyy, MATEMATUKUUT MIAPIX XYBb-
Tall TOPCOH X5H OYXPHII OIOYHBI IIBHTINNH J33IUAT 50IYYIIXK MIHrA.
MSHTAH OXUI XOBIYYIWAT MATEeMATUKWIAH MafXaMIUNTT ePTOHII PYY
nayiaH ayynax Gyizaa.

Onoo 6u msopx 3 3apUMBIH aryy THACUHT MAHAYYIaX YY/AHIIC
OAIIXaH YSAHTBIH XTI xuite. XopBas 6yx MaTeMaTHKIHAT 69pTee Oar-
TAACAH TaHIXaH TOMbEO Gafimarcan 601 TyyHUI 6aTanraasn A93px 3
3apauM TyC Oyp IypBaHTaa amuriargax 6yi 3aa.

Horau 3yitn. MaTemaTuxkniin roo canxad 6os1 epreH-
nuiH 6yX roo CalixXHbI OPrUJIBIH OPTUJI MOH.

Eprenuumitr roo caiixaH J aBapHa I'3X Om X2033ry#l 33,
HOT HOMTOHM XYH aimcan ramor 6ainx. Bac "Maremaruk 6o mmHx-
59X yXAaHBbI XaaH, MATEMATHKHMIH XaTaH XaaH Hb apuMernk" rax
MaTeMATUKUIAH XaaH ['aycc ryadl XamcoH ramsr. XyMYYHUH M3AID-
XYHRYYAMAH 0351 X5n05p Hb CITIHXK MOAPIXYH 6omoi. OHAZIC Ma-
TeMATHKWIH T00 caixaH 60n epreHNUIH OYX TOO CAXHBLI OPTUJILIH
OPr'iljl MOHOSC MOH I'9¥ TOBOITYHX3H Meprermex Gaiixaa. Marema-
THKMIAH TO0 CAMXHBII XapXK, COHCOX, VHIPIIXK MOAPIX BOIOMEKIVIH,
30BXOH COTTIXK JI MAOpsx OosomxTon oM. Tepemxuitn mymamil xy-
MYYH XYMYYCHUHH SPHIIAXEIT Xapaald oM HIOISTYH Oalik aMaa Xo-
meireen Gaimar THHST IYLHYYE I0MIAa raXx OONOX Jyraa TYH aouil
CaHAd CITTIX MOAPSMEK Hb THT HPX3IMI TOPOXuir Oalr rax apraryi
93. Cajixan, Myyxali MATeMaTUKHAAr ANrax JamaxTyH, e6peep Xoi-
Gon MaTEMATHK YPIAArwitH XOMXK33HI OANTOTIOXTYH 1 6aitBa 5pXaM
Ta, OHOJIBIH MATEMATUKT OJIUTTOH AMKUIIT OJIOXI'YH JI 60JI0B yy.
YHSHXYY XYUTOH TeopeM MeH J1 oM 60 eryyimryit roo
CAMXHBIT aryyJyIHa, T3CH axcuoM OafiHa 330 afifiIUNXBal YHIHI3C 36-
POXTYH I3O3IT MUHUIA GUe XapHH 4 HAL WTTHIITHi GaitHaa. ['oo cait-
XaH ePTOHIUNAT aBAPHA, MHOT I3ME# yr 6 oM 6051 MATEMATAKUITH
roo caiixan Yuarucuitsn MOHTOTUYyABH MIAHD XMHMODUAT C3PIadx,
OHTOABIT AyyAax MmATOH Gailraacail, Xypai, Xypait!
Hbsrau 3yin. Myyxali MaTeMaTukT epreHuesn Gaip
Galixryit rax 61 X3J7133ryil 33, AHIVINNH aJIfapT MaTeMaTHKY
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Xapan anincaas.
Ond 6om apraa 6apcaH MATEMATHKY XYHHHA YT 6OI0X00C O,
Myyxayl MaTeMaTuK GalilarTyi roc3H yr XapaaxaHd G 6OION.

Oms yruiir munni mass [1.OEX6G0MN X5maxX ux myprait Gait-
can. 2Kaaxan ypr 3aBaaH OaTanaraar xapaaj JI IIABb MAAHD Myyxai
MATeMATUKT ePTOHLON Oailp GaixTyil Ik OpOC I0Myy aHTJIMAp X3-
JI33 T3P IO Hb MAlll TOBY raHraH Oarairaa xmidmxnsrcss. Heree
roé GaTasraaHaacaa 607oon HOree GOLIOrO MaaHb Off YXAaHBIT Hb
O9HTYYIDK, COHT3HICIH HIT asra aipar XYPTUHXCOH IOM LIAT C3PT3IdX
ABIAJI OJIOHTAA TOXWMOJIIOK HIT XICOTTI3 JI APUAHLI COI3B BGOIIIOTCOH.
Bonsoreir 30BxeH GONOXBIH Ty GUIN CHOTTOIMAHE TAAITAAT ABAXBIH
T MHIOXK GONOX X3parTait 1oM 0aliHa TOATHAT [MIABHACAA AHX OMII-
rocon Gonoxoop I1.9ux6omnmoo 6u wx xaitprail Gaitnar om.

byp 70-aan onn 3eBnenTuite Xan3H BIPTOI anre6Gpu MoHTONbIE
anreOpuneir "IHeCTPOBCKH TeTpass" -aac 0Op CHIBIP AKMILIAX-
Tyl GAaliXBIT 30BJIOOM, X9PIB 66D C3ABIIP AKUILIABAT AKIIAA, MAHALN
pyy GuTrnii sByyIaapail I3k 3aXK X3JICHUAT MUHWI O1e TABTAH X3-
JIDX nypTail balimar oM.

Oms 6011 MATEMATHKIIH MMHAKIIX YXAAHBIXAA YYIH33C 601 OrT
X9POITYH TIX XX GOIOXO0P COABMIAT COHTOX aBY GHe GMeHId> Xa-
PUIILAH aCyynas IPBINYYIIXK TYYHIS3 XapUyJCcaH 60K TOITOA 5praM
OJIOH T€OpeM, OrYYWIyyn Ondusai MaTeMATHKUAH HIMHXKIIDX YXaaH,
3PIMUIH 39D3T LOJ, TOPHIH MOHIOOp TOIMIOXK Gaimar yiIc rypsH JaM-
HACaH OYJISTIIBTY Y3 OPUUX BUI [3CHI3C COPIMAKIINK XHJICOH 3AXAAC
GOJIOXBIT o1 T3P Yen Hb ofrox Gumimes. Uyxam 5H3 51 yrraap Myyxai
MaTeMaTHK I'3X X3JICOH OONIOB yy rax 61 XyBbHaa TaaMariamar IoM.
Balimeir axaan myyryi Gairaan Gaiian Myyxaii MaTemaTrk Mom-
TOJI MaAHDb HIJII3 aMb 66XT3iT CYYDBINNX HL 60JI01TONH. MaTeMaTnk
6071001 MATEMATHK COTISIMISHUM HAAL 3aXBIH M3IIAITYHArYS ORIOX
TIHXIIITYAT35C GM X3/I3H 3yYH TeopeM GaTalcaH IaX XOOPIOIJeLer
MaTeMATUKUAH IIMHXIIDX yXAaHBL AOKTOPYYH OJMIMIPOX SH3TAl. D3
OasapBaanmil XyMmman, MyyXail mMaremMarmk Jmarucumitn MOHTo00C
MHUHB XOIYYD, XOIyyp.

Hoaran 3yitn. Iar xoxuBon 6yXHUIAT XOXKUHO.
SMap 9 MIPTIKIMIH XYH AT XOKWXBIH Ty MATEMATAKHANAT
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JKAAXAH CypasTall U590 XOAUuXBI gamar 0o, OHm OM MATEMATHK
TBATUUH NOP MATEMATHKWWH TOMBEOHYYIBIT TOI'TOO, TEOPEMYYIBIT
LP3XKMAI THXK OI'T XDJIIITYH, 30BXOH MATEMATHKUHH XYBUPTAITYYIBIT
YOIIOOTIN XUUX apPra TEXHUKUAT 335MIINH MATEMATHK CHTIAJITIIHUN
HAAM 33aXBIH TOPTSH 60T M9XK 7 X9maX TcoH oM. [IuHxKIHX yxaaHb
OUAISHX CaabapyyIbll MaTEeMATHUKWAH X3JIIHI XOPBYYIUMXCIH Op-
qyyira ailb XoAuin> 635m9H Galiraa. YyHasc maain 60 rofl Hb MaTe-
MaTUKYAWH JI XKW YIIIDHD, 00peep Xoa05/1 TyXalH cajabaphiH HeeH
LYPMUIT MASPXIHITK Oy TOMBEOHYYH 53D 1 MATEMATHUK XyBUPTAIT
YEJIOETIH XWX XYCCOH Yp HYHID), XYCCSH IArTaa X3HIID 9 33aJl-
ranryit raprax asax asmai Oomom. TyyH?9c Omil TyXaiiH canbapeiH
OyX Yp OYHTYYAUAT TOITOOHO I'9BIJ AMAp U XKIKUT cajbap Oafraal,
AMAap 9 TOM TOITON Oalraas HIMIPryd XyMYYHUR TapXuHBL OarTaaMm-
XUPH 60nuT GONMOMXKUAT X3T NABCAH MAIIIN Oaliraa HIyyass.

Iar xyranaa 6ox 6yxuuit 6arni, HArvir X0XKBOJI OYXHUAT XOXKHO.

Appeia GarmmiH rag 604I0r00p 6rex 3pAMINAr
Apuaaryit 6arm 3yyH Goasoroop 3anxaax Gosion

MoHroaeplH MaTeMaTHMKUAH Xypl og GaiicaH oM

I1.9ux60omnn maans 1975 oug IX awrun 6aitxmaa Yiacer Ma-
TEMATUKUNH OJIVMIMALLIH BLICUAH XO08D HaBaaHd X aHCMAHXaHTAN
OPCONIOH X0 Tacapxail Typyyax Owmwms. Tsp xwmms Onon ymcwia
MareMaTUKNIH OMMMIAAIAAC XYPIJI MENAllb aBupaB. 15p yenm Oumn-
HEF 63JITTHX X9MXKII U XYPAT MEOUAJIAac OIS rapaxaapryi Gaican
T30 canan Huimd. Omoo 6o xapuH 5165r aaTaH MEIAJh aBa-
Xy#I XaMX93HA GaaTransr 6omcon. I1.0ux6omnn IX amru terceen Tap
Hampaa, myyn MYWUC-uiir Toous anrun 5icos. Jlaxuxk wuitm xyy-
X3ATSH Taapaad yy, YIYHUYy, THII3I 4 YMHUH UX Cypryyibn Oaiix
xXyramaa nyycrabap Oomk 6afiraa WIyy I'3X WX CYpPryyiauiiH yOupn-
JIaraac Hamam YPUAJLK CaHYyIx Oainruiir 60moImoon aMXKWX TaHI]
X3OPOTTHH XYH O3JITT9X Hb 3YHTOH T'SXK CITTH3M €COH CaphiH 1-33C
[1.0ux60AHr00 UIyYD JI MATEMATUKNAH V aHrmiin ajrebpuiin Tyc-
raii kypc 6a maremaTukuital 1] KypCcuIH MaTEMATHK JOTHKUIH XAIIIII-
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I3 cyynras. bapar s I1.Dux6onnnoo sopuynmx V kypesiaxsum a-
ayaruitn onod, III kypesiaxsun Anroputm 6a pekypcus QyHKIUAH
orON Xmdyyamiir MYWC-uitH TYyX3HI MMHISP 334K XI9B. Dx-
HII X575H CAp TIBOIK J1 Oaiix mur 6aiicHaa, Xarac XUIsac Xoumt yr
XUV YIUAT TYRER oistrogor He I1.Onx6Gonn Maans 60k ax, sry
HapTaa 00onyoro OOMOX 6rd, MUHUN ©MHOSC HABTATa U XHMIT3AT
60710B.

Toor anre6puitn 6a TPaHCHEHAEHT I'9XK XO8P AHTHI Xy-
BaAOTUAT GHTOPCOH 3YyyHI, TOITOOCOH. TOrcyier TOOHBI paguKai 6a
apuMeTUKUIH IOPBOH VISP 6Uuurasx Too Gyp anrebpuita T0o
Gonnor momToll. TarBo; yyHEI ypBYYy Hb XYUMHTSH 10y T3CIH 3Yit
écapl acyymisir [1.9ux6onnmoo TaBumaa.
[1.98x6001 MaaHp T5p XaBpaa:
Teopem (II.3uzboad, 1976). t, | =2t—1, g=ml+1, p anxsn
Toouyyn 6a t > 3, p # q Gaiir. ¢ — 14 m - indp Gon

I+1

\ @+ o+ Wap ¥ (%)

HIIBPXUAINIT PAAMKAIAAD WISPXURISTASXTY ajre6puitn Too GaitHa.
PEZLy=<9>p1 = p=¢°, 1>s>q-16aitx s € N-r indp
I3X TOMISTIIICIH.

Teopem (II.Onzboad, 1976). t, | = 2t — 1 amxurr Toomyyx Ga
t > 3 60 (*) Hb TeOpeM1-MiH HOXISI OPIILXOOD P, q AHXHBI TOOHBI
TOTCIOJITYH OJIOH XOC OJIIOHO T'3C3H TafiXaMIIUrT TEOpeMyyabir Oa-
TATK [I35DX aCyYOAJII COPEr Xapuy ores.

Witnxyy anxsnl TUAM TOOr MATEMATHKYHI rapaapad 6apbx
HYI33D95 Xapas. baramraa mp ranran Gereel eHAOD TEXHHK yp-
JarTail Hb caixaH Oaltiaa. YJICHIH OIOYTHLI 5PA3M IIMHKIITIIHUI
YPaJNaaHn TIPryyH Gaip 53758, YVHMAT ypbI Hb X9H U XUMrIoTYH
roaruir 6u cailn MameXK OafficHaac razHa 5H3 60 3yl ECHHI acyy-
JaJ1 DOI9T Hb X3HM 9 OMJITOMXKTOR TYJI OYHIyyXaH I3IXUIH MaTeMa-
TUKYIBIH COHOPT XYPTOXCAH I9X sfapiaa. Amryi top mamap Onon
VJICBIH OIOY THBI 3DASM NIMHKUIIT33HUN aKJIBIH YPainaad ¥ HrapT Go-
0x Gannaa. Mamsax TopryyH 6ailphir aBcan Garti, maBb X0 ABXK JI
raapaa. MYMNC-uitn opmsoM IIMHXIICS XapHYLCAH HOXIYYH 9 BAX

15



637 TI9II93 XAHTAXBIr YYpar GOJros.

TaBux HATra195 0POC, AHLIM X1 A33p OUYMXK XUH TaH GONITOB.
Paran 6un xoépsir i1 xacaan Gycan Hb seuraas. lapba MaaHb X3/ICOH
yr #b "YUnemit 5pasM INMHXWITSSHNIA aXIILIH yIIpaard uuHb Jaii-
nopx Oaliraa LAT'T UM aMXKIIT OJIOXTYH HIYY, XyPIOXaH youpAariaa
comux xsparaid. Hexep Hampopx marematuxwiia 111, V kypcein-
X9HI Oyp MOISH CYPrajITHIH TOIOBIOTOSHL TYCTATHaaryil M 38aCaH
cypar Gairaa. T9p HOXpHHH UX Cypryyaba Aypaapaa Aypruaar sp-
aJI OJ00 L3T TaBHX mar Goscon Gainmryi" rax xsiacsH 6aiis. Bu u
YyHHAT 6ac ragapiax i 6aficad oM.

Yyuuit emrexen Honsmun Koneprukmite 500 xunuite oftu
HIDOMKUT HAT XKWIUIH OHIAOD XaHTAMXKTAR M3PTIKMWI IOOIIIYYIISX
CyprajTan dBaxaac 30BX6H HaMalr Xacd yr GOOMXUAr aincaHaa
MYUC-uiis HuitT 6arir HAPLIE XypPaJ A93p WX J1 11 XaB 60JroH Taii-
Gapnax Gaiican rom. MYWC-mitn yaupmnara uar ypraax i XeeHS,
3alyTyyHa Ik HaMalr cypayyamsr u Y.Canxmaras, A . Mexkeit 6arm
Hap MaaHb "IBYYJIAXaX 1 TATTAJI3aX IOM AJITa TAHIXAH XWI3SIIMAT Hb
334X XYH ajIra Gaitma" Tax apranaaraan Oaiimar Gaiis. Wnrssa ma-
Buitraa A.Mexkeit 6arm m3sp Xuuesmryyiasx3sp 60708, Bum xoépr
I39DX  aXJ1aa YPIHKIIVYIIX 68D IIHHY XI03puilH anreGpuilH TOO
010X, mapaa Hb OYp epeHXUN TeopeM GaTiiaX THl ASHAYY WX aXKM
Oaiicas oM CaH. YYVHWAT3> acIMPAHTYDHIH Oapaa I HAT CaiiXaH Iar
UPBYI JAXWH aBY Y3b€ I'3XK TOXHPOB. [BY TuilM Uar mpsx yuump-
ryi 6aitkss. HlaBs Maanb MockBaruits ux Cypryyauiii acIupaETypT
NeHTeX 0900/ OaliX1aa eCOH AaBXPAaC YHAXK HAC OapasB. OHD VIl AB-
AN 1 uX yyup OmTYyiar oM. JMap cafinmaa JI 3eBIGITHIH HATIaa
HAp Ta3ap O39D Hb UPX Y3331 YHS XYHUUT aMbCTall XyPaaCHbI Hb Ja-
paa mmaco>H GaiiHa 13X OHOMIIOON XICAT XYHWIT GallliaaX X5m3H cap
GOTCHBI Japaa TPHAT THP XYH 0OPOS YHAKDY THCIH XapHy MPYYILK
BaitxaBmad.

ursx MOHrONBIH MATEMATUKUIH XaMIUIAH XYPIT OfT TIAT YelitH
3ommoc Gomx 6mimas. IMamya @ racsm nynzm cypryymmita cypard Gaitx-
133 9HD TafXaMIIATT OHOJI00 HIICOH U TYYHUH aXKJIBIN TP Yeld O31-
Xui OMIITOX00C OPHAYY X0 6aicamnmaa. MareMaTwkT xaMruiH Ol0H
TeopeM GaTancaH I'aX TYYXoHA ToMmariaracsr Oparuss [TY A-nitn
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epeHxuiery Komu TyyHuit axJibir oiarox 6omoMxkryi 6aficeaac [a-
mya 21 macanmaa mysmmp Hac 6apcan oM. Xoppas Famyarmits oHON
Gaixryil Gafican 601 ODOOTMAH MATEMATHK IMap ODOBIMOSD AAMAL
mapanTait 6aix 607 THX93C AAAC TOPHOOT TOM.

Munuit 6me sanyymaa MHroX GyMWIK MYHIHMHAXK SBAXIAA
Monroneis 6071004 épTEHIMHH XaMIUiH TafXaAMIIATT X08p XyMYYH-
TS0 TyH OOTHO XapbHaaTail Gailk, 6me Gues Xaitpiax XaMTaallx,
TYYHRIAX33 30710C 600X NIaxXaXk SBIaalad.

OH> marmiis (YEIHA3 6ou1 6yX 1 Yemitn) XaMruiiH rafXaMIIurT
anre6pu E.W.3ensmanos 1979 oun "su»> XyHmit axui 3aasan 368 Gaiix
écTol Ioxk" HAMANT OMIe6/IOH 3OBIICITHIH anreGPUIbIT 5CPryyLCcs-
HIAX33 TOJI06 KaHANIATHHXAA XaMIaaIaIT 133p "yHax" Gaiical oM
myy. Tyxafin mar ye yHsHHAT 3apuMmaa Aminasr 60MOBY TYYXUNH
OMHO JI Tap Hb TAHUT'IIAr I0M XOXHO IOO.

I1.9ux6onn Maans on6pT MaHANT X531 OPXK UPHS. X5PHB HPIX-
Ty#t 6Ol 5XHSD MaaHb HAMAiI 3arHAHA, 9N XYYXOH 3aCrHAUKMXAB yy
raxk. Yr o Mamail xoép GaHOM LMUT MaHAML 3pX Oypaapaa OaliHa.
SAMap caitmaa 71 5xHOSp MaaHb "JaMalT MHT3XK Iypaapad 3arHax
ABAAJ aMbTAH[ XOPJIOTAYMXBOI JHXOO0ML JI 53H3 X08p XYYTdit 9umHb
YYPY aBaaumx xasfx 6aiix myy. Ux cypryyns 9 ranm avaasel TSpsr
Orexryi 6us" xsmxk 6aitxasmsa.

E.3embmanos, I1.Oux6onn HaprTail X0m600TO# pxaM 4994
XYHUH XaMTUiH 5PX5M I35 MOC YAHADDIH OJIOH CANXAH LyPCAMK Ha-
nan Gafinar. CailH XyH HIT YI'TSH, CailH MOPb HST ABNAJITAN IIXK
IL.9ux6onapn Maans 18 Hacraiinaa yHOHIE 6o 17 Hac HepBeH cap-
Taiinaa GaTallCaH M33PX XOEP TEOpPeM TYYXSHI MOHXPOX Hb TaplLad-
Ty

1.1. Opyynax 6a raprax sapuum
Ang, i=1,_n, IAZI < 00, A=UAZ' 6on

Al = UAI =Y 1A= Y JAnA ]+ + (~1)" A NN 4y
1 1<i<j<n
(1)
— —_— e ———— n n
[ArN N Ay = |40 LU AL = VA A= V- | JA] @
1 1
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(1) 6a (2)-m N < U rax comsx Gommo (MK-I, 5.2). Bommoro 6omox
yen AUB 6a AN B-r A+ B 6a AB rax 6wussn xs16ap 6ainar.

A OTOHIIOTHIH XOMX93¢C | A|-T GONOXBIH TYIA As-YYIMAr 143K COHTOK
aBax B3! TYYHIII XaMX35C |A;|-r sax 60nox Bd rafmsr Hb TyXalH cajl-
6ap OYDPT eepuita mypMssp XUHAT I3HS.

Boamoro 1. 12 siraarail HOMBIT 6HTe TyC 6YPIdC MK 2 HOM XaB-
TacyaracaH Gaixaap 3 eHreep xapraciax 6omomxkmia Toor o (MK-I
5.4.8).

Bonont. V = {x = 21..213| ; Hb | — D HOMBIH XaBTACHHI GHI6},

|V| — 312

A = {z € V|z up Gonnorsin mexummiir xaurana} C V, |A| =?

A; = {z € V|i — p enreep 2-ooc neen Hom xasraciaracan} C V ro-
BYJI TYYHUH I'YHIIBSAT

A; = {z € Vi — p enresp snax 2 HOM xaBracaaracan} C V 6a
A = NA4; Gonox Tyn Moprane aypsm (MK-I, 4.2.3)-33p

A=0Z=T4; (VALY S 14— S Ady] + |41 Ax A

Ay = Ay + A, sH1
Ay = {x € Ay|1-p eHreep sar i nom xasTacnarmcan}, Ajg N Ay = &
Gomox Ty |Ar| = [A1o| +|An| = 212 + Cf, - 2!,

|A1As| = |(A1o + A11)(A2o + A2 )|
= |A10Ag0 + A11 4z + ApAn + A1 Ay |
=12 +20},11" + €221 . 110

6omrO, yuup Hb A9 A, ..., A11 A21-YVA XOC XOCOOPOO VI OTTIIONIIOHO.
Menr A1 A2A3 = @ Gaiix Hb WIdPXHMit Ty

|UAi| =322 +12.21) - C2- (1% +2.12- 1" + C%, - 21 - 11%) 6a
VX C V-nita xysen |X| = |V| - |X| tyn |A| = [U4;] = 32 — | U 4|

Bonsoro 2. Anumn yesr 3sparnsx opooryit Gaitxaap "Jlammornor”
T3IST YI9HA YCTYYAMWH Galipbll XMYH9H AH33ap CONBX GOJI0X B3
(MK-1, 5.7.8 )?
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(1)-(2) Tomeéoroop GonOrmOXryit XIMKIIC rIK epTOHNON Oaitmarryit
0OTIOH.
1 < k < n Gaiix k-r 6sxme. 1 <4 <ip<..<i <N,

n

U4

1

Galir.

k
S =[] Ay, My=Y8y..ix, §=
j=1

Torsan § = My — My + Mz — ... + (~1)"*1 M, 1)

rax (1)-uiir 6mumx 6omHO.
m rorm Gon S > My — My + Mg — ..+ (=1)™" M, (3)

m cornroit 6on § < My — My + Mz — ..+ (-1)"' M, (4)

(3) 6a (4)-bmn Garanraar MK-I, 5.9.15-aac xapx Gosso.

Boannoro 3. 6 ranbaittaii kBagpaTan Tyc 6yp Hb 3 Tanbafitai 3
OJIOH OHIOI'T Gaiipiaxss. Toream snmssc epeHxmit xscruite (ort-
noJIIBIHE) TAI0al HE 1-03¢ Gararyit Gaiix XOEP OJIOH GHIOI'T OJIAOXEIT
y3yya (MK-I, 5.9.22a).

Bonoar. A; b i-p onon eunerr, S; = [4;], §=|U A4;| ramon

6=M>8 My~ My+ My =35 385+ Sz

— Sio+S13+893 = Z Sij > 9-6+5193=34+8123>3— 13 Sij > 1.

Bonsnoro 4 (Hexeecuuii Tyxait Ieimkunn: 6ommoro). 1 ram-
GaiTail TOPISTIH A9 TyC bypmitd Tanbait wb 0,5-aac 6araryit 5 He-
X00C TaBbXd9. Epemxuit xscruita ranbail ve 0,2 -0oc Gararyi Gaitx
2 mexeoc onnoxsir yayya(MK-I, 5.9.23).

T A; 6om i-p mexoeec, S = |4;|, S =1UA;| 6a M ropmorauit Tanbait
T'9BAI

M>SY M — My My~ My+ My Gysoy

M — M+ My — Mz + My~ Ms >0 (5)
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I3X rapHa. YYHT3H TOCTIH THOHUAI GHIIYYAMMAT ONOO HOXEeC TYC
Oypuite xyBbp Gumube: Aj Hoxeec Hb Ay Ay, A1As, A1As, Ai4s
HexeecyYn. 6yxuit Tapisraumil xacar Ty (5)-r Si-uitH XyBbx GWUBSI:
$1-3 51+ Y S — Y. Suiji + Si2345 > 0 6omme. Byx 5 nexeecumit
XYBBE Tapax MM TOHURI Cumyymwiir uaM6si(Siy = |41 As| = S
r.m.):

My —2My + 3M3 — 4My +5Ms > 0 (6)

6omHO, yuup Hb Sj, ., HIMITASXYYH Hb 01, ...0;, HOXOOCYYIUNH XyBbI
Guauracan TSRO OutI 6YPT OpoX Ty HUAAGHPT k KoahdUuuusHTTOR
OpHO.

3(5) = (6) : 3M —2M; + My — My + 2M5 > 0 (N

Yynmasp Mg — 2Ms > 0 (S12345 8b Siyigizi, OYDE OpOX Tya

My > 5M5 > 2Ms )-mitr H3MG6371

3M = 2My + My > 0 6ytoy My > 2M; —3M >5 -3 =2

5 HOXOOCHOOC Cg = 10 xochIr yycrax 60lI0X TYA 5H3 XOCYYABIH ajlb
HOTHHIl Hb OTTJIOAWIbLIH Tanbair My/10 > 2/10 = 0.2-0oc Gararyit
baifma. | '

1.2. fInraaraii Tesieeneryamiia cucremfarc).

51,..87 C S, a; € S;, i # j yen a; # a; 601 ay, ...am-uiir Sy, ...~
uitn ATC ramor.

Teopem 1(®. Xomnn, 1935)..

S1,...8m € S-mitn xyspn SITC opmmuo & Vk 6a V ij-uiin XyBbI
IS U US| >k

BOJ.UIOFOL 1. S = UTA, = ,?;1 B,' IA,l = IBj[, 7 75 ] yen
AiNA; = BiNB; = & 6on Ay, ...Ap 6a By, ... By,-niis XyBh] epeHXMii
JATC .

18 ={Al4;NnB; #@}, i=1,m. {i1,...,i} C{L,...,m} = [m]
Gaitr. Xapas |S;, U...US;, | < k 6ox B;,, ..., Bi,-yya 5 Ay, ... Ap-niin
k-aac 166H OJOHIOTMIIH HIFI3JII OPHO. DHY Hb

|Bi, U...UB;, | = k|B;| < (k—1)]A;| = (k- 1)|B;| 6yooy k < k—1
GOIIX 30PUMI XYPI3ED.

Wimpn |S;, U ..U S, | > k& — Xomer Teopemoop Sy, ...Sp— uitn
xysbn Aj,...A;, acsu ATC onmoro. S; -uiiH TOmOPXOMIOATOOC

im

20



Ay NBy #3, k=1,m. z € A;, N By, k =1,m Gaiir. Tarsan
x1,...-Zm Hb A;, .. A, 6a By, ...Bg-mitn eperxmit SITC 6ommoo.

1.3.Pamceiia Teopem

|S| = n Gaiix S ONOHNOTUIH >JEMEHTYYAMIT 2 XafpmarT xmirxam |
xadpuart ¢y, sceai Il xafipuart ¢p simemenT Gadxuin Tymm n =7

n>q +q—1=N(q, g2; 1) 6aiix up mspxuit. Xapss t xa#pmar
OaliHa T334 AMap HAT ¢ OYII3p XaWpuUarT ¢ >neMent Gafix Tyxai

APUBAIT
t

N(qr, 2,0 51) = Y g — (t—1) (1)
1
Gomro. Ou3 601 Hupuxieitn sapunm tom. Cas S-uitH 57eMeHTYY AT
HOT HOT33p OyHy TYVHHE HAT 3IeMEHTTSH 31 OJIOHJIOTYYIRIT XX
TyXa#l gpmiaa.

S-u#H 7 57IEMEHTTIH O30 OMOHIOryys ( r-I9JL OJOHIOTYY)-BIr
Xalpuaryynaj XuiX acyyIONubir aBd Y3950 AHTJIHIH JIOTHKY , SOUAH
sacard Pamceit 1929 omnm mapaax teopem Garnmas. |S,| = n 6a
P.(Sn) ={X C S| | X| = r} Gaiir.

Teopem 1(Pamceir, 1929). r > 1, ¢; > r, i = 1, Gaiir.

3N = N(qy, ..., q; r) xamruii Gara HaTypaa 100, Vn € N 6a nypuia
9PAMOAIIIACHH ¢ -XyBaamTT (3¢Ba ¢ sraaTai XaipuartT 6aipiryyiax)
P.(Sp) = Ay U ... U Ap-mite xyBbn 34, 3X C S, |X| = g,

P.(X) C A;.

1 (1) Gadiraa Tya r-33p WHAYKIUISX Hb OHITOMXKTOM.

N(q1, q2; 1)

Wanyximen ysox Gyiiraap py= N(q1 — 1, g3 1),

p2 = N(qi, @2~ 1; ), N(p1, p; v — 1) TooHyyn opmmi Gaiiraa.
N(q1, q@; ) < N(p1, p2; 7 — 1) + 1 rox 6aranmar. Tyxaii 60x-
JOTOTOH XOI600TORTO0p T, ¢;, t-YYA HB AMap Too Gairaam A; mon
OJIOHJIOT Yy IIBIT 82K COHIOXK aBaXaaCl MATeMATUKYMAH yp YaaBap Xa-
MaapHa, Oycaelr Hb PaMcellH TeopeM asHOaa XUAT33% 6THE. 3a 000
000J10TO pyyraa OpLUrooeé.
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Boanaoro 1(OYMO-6, 1964 on). 17 spmsmTss 3 TepimitH cam-
BYOD XaPWILAH 3aXMAAJT COMMMIKD>. Tareon 1 Tepauiia coassp Xa-
PIINCAH 3 3PASMTAH Ouil rOAruir 6aTal .

T,y x0ép k-p comBp XapwiIncaH < Ty UHTEPBAN k OHTO
(6(zy) = k)—oit toe. z—aac 16 = 3 -5 + 1 wHTEpBAT rapax Ty HAT
onruiie (k = 1 enrnmitn) 6 unrepsan O(zy1) = ... = O(ays) = k = 1

onnono. Xspss 0(y;y;) = 1 6o A zy;y; Hb 1 eHreTsit Gommo. Winvn
Vi, j O(yiy;) =2V 3 1€ yi,...,Y T aBu y39X30 y—53¢ 5 =2-2+ 1
MHTEPBAJ FapPax TyJI HOT OHIuiH(2 HreTsi) 3 HHTepBasI OJIIOHO,

o.x. 0(y1y2) = 0(11y3) = 0(y1ya) = 2

Xopow 3 yiy;, 2 <4, j <4, 0(yiy;) = 2 6011 A y1y;y; Hb 2 GHTETHH
6onro. Witm 6mi 601 A Yoys3ys Hb 3 OHrOTHH GOTHO. |

P2(S]_7) = A1 UAyU As (2)

sun {z, y} € Ay < =,y x0ép k myraap camBIIP XAPUIILICAH IHBII
GOMIOTEIH HOXIION Hb HHAXYY (2) XyBAAJITHIT Orex Ty

17 > N(3,3,3;2) 6omnoo. N(3,3,3;2) > 16 roarumiir 6aTIaxblE Ty
16 opoitroir 6yTsH rpadblH HIT OHTUAH A aryynaaryi 3-GymanaTsir
Oadiryynax Hb 6ac aMapry# acyynasn Gainar.

Boanoro 2(Illyp. M 19186). [16] -Tooryyawir 3 erreep Gymaxan
(3 anrun xyBaaxan) ¥ +y = z TOrmmTraI 1 OHrHAH MMALTHH oK
Y3yyaL

T 6 :[16] — [3] ercen Gymant ub Py([17]) = A; U A3 U A3, o»Hn
{z, y} € Ay & 0|z —y| = k racon xyBaanTHIT 6THG.

Bomnoro 1-35p 17 > N(3,3,3;2) rax rapcar Tyn Pamceitn Teope-
MOOp

ds, 33X = {i,j,k} C[17, i < j < k, P(X) C A, 6ywoy
s=0(—-i)=0k—-j)=0k-9)6aj—i+k—j=k—i |
N(gi,.,q5 1) =5 ¢; — (t — 1) Gonoxwrr (1) -33¢ MEmHES.

N(4,4,4; 2) > 128 6onox b Garnaracar. N(qy, ...,q:; 2)-uite ToMbE0
onpmooryii Gaitra. N(qq,...,q:; 2) = N 6o N opoiiToit 6yToH rpadsia
UPMSTYYOMUT { OHre6ep faK I 6yICaH AMap HAT (~UiH XYBbI i-6HTe Oy~
xuii ¢;-6yToH 151 rpad onnoHo rax Pamceitn Teopemooc myyn rapHa.
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Boanoro 3. V n-uite xyssy 3 N = N(n), anp 9 rypaB Hb HIT
UIyJIyYH I33D YJ OpMINX XaBTTaiH N U3TUAH XyBbI SATI33DUIAH Ajlh
HAT 7 I39D Hb OPOMTON T'YIOr3p 1 OHISI'T OPUIXHO.

1 1) erericeH n-eHUSITHIH OpOHHYyZaac 30xumoX 6Gomox Gyx
IOPBOH OHISITYYA I'YArap 6051 yr n-eHOerT ryArsp GaiiHa (yyHHAr
MHIYKIIP Xanbap 6aransa). N = N(n, 5; 4) 6a xaBrraiin epen-
xuit Gaitpumarait N wor (Sy) ererncen Gaiir. Sy,-mite 6yx 4 em-
OerTYYIuiH onorvoruir ryarsp (A;) 6a xorrop (Ag) racsu 2 am-
run xysaas: Py(S,) = Ay U As Torson Pamceits Teopemoop 3cB3I1
31X C Sy, |X|=nb6a Py(X)C Ay, sm yen X mb 1) -33p ryarap
n-eHnertuir erse. Oceut 3 X C Sy, |X| =5 6a Py(X) C Ay raton
9HJ TOXUOIAON GOJIOMXKIYH I0M. |

Py(Sp) = A1 U Ay, {i, j} € A1 & [ij] xex xopuum & 4, j x08p
TaHWI,

{i, j} € Ay & [ij] ynaan xopuum & i, j xoép Tampma Gum,

n = N(5,3;2) rasan Sp{z1,Z2, ..., Ty} -uiiH DTyyaMiT 2 GHTEEp XOI-
GOXOM CBIIT XOX D XOMLLYY OJIOHO, 3CBIJI YIIAaH A ONIOHO, I'.M. OJIOH
SH33ap TOMBEOIIK OOJIHO.

Teopem 2(Inpmos A.M, 1957). Vk,s,n € N-yyamitn xysbn
3N = N(k,s,n): k cumbomnooc 30xuocon N yprrail LypeIH YIIHI
3CBYJT HAPAAJICAH § amuil B34 yr GaifHa, 5CBII N -XyBaaraax ASH yr
Gaitra(Omonnor, 2011 Tycrai myraap, x.51-57).

Bogmoro 4(IInpwios).

A, B, C casann xapraisas a,b, ¢ muTp yc Gaits. a,b,c € N. Cas TyC
OYPUMH 3379XYYHAAT XaHTAATTAR UX T9X Y399 ajlb HIT CaBaH[ 6ail-
raa yCTail T3HIYY X3MK33TSH YCBIT €6D ailb HAT CABHAAC Hb IOYIIK
XUAX 3aMaap allb HOT CABBIT Hb X00COMX Gomoxerr Garas. (Osonmno-
ruite Marematuk nomopiuar 2007-2008, x.231)

T 0<a<b<cme. b=ad+r 0<r<a.

d =2k 4 425 k< ky < .. < ks Gox A-pyy C-3¢ 5%-
mon (1 +2+ 2%+ . 4+ 28 Dg murp yewrr ooymk mapaa ve B-
¢ 2M1q yebir xmiiBan A-n 2911+1g smrp ycrait 6ommo, mapaa ub C-
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sac (20Fl 4 oolit2 4 4 9ke=1yy ;1 ye xmitk mapaa He B-ssc 2F2
1 yc xuited r.m.  B-ss¢ A-pyy da n yc xmitxon B-m r smTtp ye
yamems, o.x. (a, b, ¢) remeseec (aj, by, c1) TOAOBN MMIKUXIN
min(a1, b1, ¢;) < min(a, b, c) 6oncon. Dms yem C-33¢ A—pyy 1oyncon
yc B-33c A-pyy I0YICOH ycHAAC UXTYH TYJI 5H3 VAIAAMAT IyAnsT-
r3X YamHa. (a3, by, €1) TENBEEC MAAII AT CASHBIX IINT AKMILIAX
min(a;, by, ¢;) Garacrax yamma, smecTdd 0 GOAroX yamHa. |

~ Hupmosein- TeopeMbI ﬂopnaﬂbl 6a JIu anrebpr 30puyncan
xyBuiibaphir annapt Maremarnkd E.JM.3ensmanos 1980-90-551 onyy-
an Xk Oyaruiia oxoi, JIu 6a I;IOpHaHbI anreOpUiH XAaMIUHH XYHT
ACYyIIyynbIl MWAACOH, XapuH 6apyyH ampTepHaTuB anredpr 30-
puyscas xyBunabapser Muani 6ue 1984 oun xmitx K.A.2Kesnaxossin
aCyyIVIBIF IIKHANCHH GOITHO.

Hapaa Hb 9H199033 canaa asu [llupmios 6armmite Bomnoro 4-rait
toMyy 3cBant Ilypuite Bonsoro 2-Toit TecToRr?3p n-mitH aMap yTran
1,2,...,n TOOHYyABIT MYPLIH apraap 3 aHCUA XyBaaXa[ XyBaallTbIH
allb HOT' aHrWJ Hb T + Y = 2z Oalix 3 4nraatait T0OO Z,¥, 2 OIOXEIT
baramxk Gomox B3? racsk acyyar tasbx 1 = 1000 yen 1984 omnt MO-
WiTH 3-p DAaBaaHI IIBINYY/IK, MaHail H3pT maTemaruky I1.0rxGomns
Hap 1000-r 49 Gomron Garacrax Gaixk Ommss. Xapue n = 24 moon
TOPrOH 3aar OOOXBII MUHUH IIABb HAP KOMBIIOTED AIMATIIAH TOTTOO0-
CcoH 007I0BY I3BIP MaTeMATHK 6ATAIraa Hb OX00 XYPTH ajira Gairaa
Hb 0ApYYH aJIbTepHATUB aire0pUiiH TOXMOIA ACYYOAI XAP T'YH3THH
B0IOXBIT X571997 6aliX IImIr.

2009 ome1 7 capn I'epmans 6oncor OYMO-50 o xyHIST 309HO00pD
ypuracar OYMO-uite ynaa napaaruiin anTan MenaibT, allapT Ma-
remaruky B.Bomnabau(Yurap, Aurmm), JI.Jlosac(Yarap, Amepux),
3K Exoc(®parm), C.Cuupros(Opoc, [sefinaps), T.Tao(AscTpams,
AHY), T.Iayspc(Anrau) vap eepcamite XaMIIie MIHAAIT aXIyyIaa
Pawmceitn TeopeMmn Tyaryypiaan XuicH? TalIarHaX Oaiis.

MOHI'OJI XYMYYHUN XUVMOPB JIYHIAAT
ORJIXUND TAUXYYJICAH 3AHTAPATATA
MATEMATUKYNI TOPOX BOJITYTAIL.
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3 Mouroaein marematukuiiis XLVII onum-
nuaj
3.1 MMO-47, VII auruiiua 111 nasaa
H.Apruncan (MYBUC)

! -+ ! 6a
3- 4 20111 -2012

| -

VII-A1 (H.Aprusncau). A = +—

1-
1
= - 6 A

10072012 " 10082001+ 2012 1007 2" B YT

)—‘l\D

VII-A2 (0. Hammasaa). x,y,2 Hb XOC XOCOOPOO XAPUILAH AHXHBI

z
HATYpaJl TOOHYyHI 6o E+yy+2)z+z) WISPXWATIINIH
TYz

6yx H6YX31 TOOH YTITHIT OJI.

VII-A3 (3.Asxapran). ABC rypsanxust AB tan n9sp E usruiir, BC
TaNIBIH YProiki f99p F morumiir AE = BF 6aiixaap aBas.
LFEC = 9%0° 6on LACE =7

VII-B1 (H.Apruncan). (z +y)? = (z — 2)(z + 2) Tormurrommita G6yx
OYXaI1 TOOH IMMAIUAT 0.

VII-B2 (H.Jaiteuit-Ox). Ypxssp Hb 4, HEANGOD Hb 9 N-TOH TIHIYY
Oalix n mmpxsr 6yxsa Too omgmor Goa n-mir "canu" TOO rde.
Torson 4k + 1(k > 0), 44(¢ > 2) xan6opuitsa 6yX TOOHYYL CAilH
T0O OOJIOXBIT Xapyyal.

VII-B3 (B.Opmomasbadap). a > b Gaitx separ Gomur a,b TOOHYyIHIH

XYBBI G + > 3 TOHIPTIAI Ouml OMensXuir Xapyyil.

bla - b)
VII-Al:

A= 1_1 + l__l_ 4+ __L___.];_
- 2 3 4 2011 2012

—1+1+ +1 21+1+ +1
N 2 2012 2 4 2012



—(11)+11++1 1+
N 2 2 1006 1006

+ L +o L _ 1 +o L
1007 2012~ 1007 2012

A= ! + L +o 4 L + ! +
—\ 1007 2012 1008 = 2011
1 1
+"'+<M+Tm)7)”3019

o + — +oe
1007 - 2012 1008 - 2011 2012 - 1007

A 3019
= 3019 - ol
3019 B=>B 5

VII-A2: a) =y =2z 601 X0C XOCOOPOO XAPMIILAH AHXHBIX
IAAr3C T =y =2z = 1 6Galtra. DHIYSC

E+yy+2)(z+2) _
TYz

™B31 n =8 0OalHa.

6) z=y=1 6a z>1 Gair.

21+2)(z+1) _ 2(z*+22+1) :2(

1
z+2—|——) YA
z z

2

raarese 2 =1,z2=2 Gonuo. D3 yen n=8 6a n=9 GomHo.

8) Omoo Gyrmospsy siraaTait rse. T < y < 2 IIXK 39K
Gommo. (z 4+ y)(y + 2)(2 + ) = n - Tyz THArISC 2 TAILI Hb Z—33D

XUMBYT T + §i2. YyuToit amun x + 2y Gaitna. Heree Tamaac
T+y<2z GavHa. T+Yy=mz2, £+ 2z=ky rax y3BOI
z+y<2z > mr<2z => m<2= m=2 6aiga. Wimzg
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T+y=2 G6omHo. MeH x4+ 2z=Fky moarac z+z+y=Fky =

2z =y(k—1) Gommo. (z,y)=1Tyn y2 = 1<z<y = y>1
6omHO. OH3mIAC y = 2 GaitHa = z = 3 Gomox 6yroy n = 10 GafiHa.
Witmy n =8, n =09, n =10 yrryyaur asHa.

VII-A3: Boanortim mexmen msp ABC A —r "3eB" racsm yr
XaATACaH yIup O0IIOr0 HUIIBdN XYHIAIPCIHA Xyimsa eune. Omoo 36B
ABC A -#p1 XyBbI GOMIIOTHIT aBY Y3be.

AE = BF.
,{1\ LFEC = 90° = {ACE =
EZS \ ? CH- eupmep taTbi. =
AN X LACH = 4BCH = 3(°
/I \'\\\_‘ bonso. Xops LECH =
// / H \\i‘\g\ xz mB1 LCEH + z =
S N, 90° 6a LFEB + LCEH =
F B C 90° = (FEB = z 6onso.

E-mpruiir naipyynas BC-1oit // mynyys tarbga. Dns mymyys AC
taaer K mprasp orronpor 6aiir. AAEK Hb 36B rypBamkuH OaliHa.
Men AE = EK = AK 6a BE = CK 6ommo. {FBE =120° 6a
£EKC =120° raarssc AFBE «~ AEKC =

LKCE = {FEB =z 6onno. Witmg {ACH = 30° = z+ 2z raarssc
r = 150 Gaitma.

VII-B1: Orencen tormutran mb (z+y)% = (z—2)(y +2) Gaiix
écroit 6onosu (z + )2 = (z — 2)(x + 2) rax Gwamracon Gajina. DHd
yven OyXaiI muiAnir Xsi0apxas oIk GONHO.

Xapna (z+y)% = (z—2)(y+2) Tormmrronmita 6yXs1 TOOH IIMATIIAT

XOPXOH OJOXBIT XAPHs z-2 = a me = 4 2 = a+2
PXOH o7 P Lt

OpIyyn6as aHXHBL TOTIIATTAN Hb (a + b)? = ab 6omHO.

1
= a’+ab+b? =0 6yoy 5[{12 + 5 + (a + b)%] = 0 romrasc
z—2 = 0

a = b = 0 racoH raHy mumioT i 60mHO. DHEIIC
y+2 = 0

z = 2 S
Gyioy y = -2 I'35CYH IOp TaHI MHHATi OaliHa.
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VII-B2: YpxBsp b 4 HUANOYP HE 4 N-TOH TOHIYY Oafix N IIup-
xar 6yxai Too onmgaor Gon n-r "Caitr Too" rae. Torsan
a). 4k+1(k>0)
6). 4l(l > 2) xonGopuitn ToOHYyM GYyra caitH TOO GONOXBID Xa-
DYYaBAL.

\ . 15 +
1 \g/ 2)
K] }J<_ L ,-L;-1;-- =1 1.1 L
N —— ——
/ I\ 2k 2
,f':' N DOrssp TOOHY VI GOATOTBIH
’ ———-——ai\. _ HOXIUIMHAT XAHTAHA.
\ / f\ 6). - Torm 6o
// N\ 4 —1;—1;---—1; 1:1;...1;
—3 Yy —_—
0 VAN +2 76
« \ | ] )
\ID l— commroit 6on
[+1 1 1
1.A Eizarm yen {;2;2;2; -2, = —=-1;-1;---—1; 1;1;...1;
2 2 —— — —
-3 7i-11
2
. 1 1
2. couaroi yem [52;2;2;2; —;—~;—1;—-1;---—1; 1;1;...1;
2 2
l_-_tz-_l 71—513

TOOHYYI OONJIOIbIH HOXIIONMWHT XaHTAHA.

1
VII-B3: a>b>0 6ox a+ -b—(—a——_b) > 3 TOHIPTIHI OUIIUIAT

6aTtanbsa. ToHUHTTA GUMMITH 3YYH Tap TAAA b-I HIMXK, XaCak 6Teo
3-H TooHBI XyBbA KommiiH THHIHTTM OuMin GUYBAI LIYYA TAPHA.
Xapur Kormmm X3parisxryirssp xapxsH GaTaaxwir aBd ysbe. Vxumm
XyBaapb erd b-uilH XyBb 3MXITI3BII

ab(a —b) + 1> 3b(a —b) = a’b—ab®+1> 3ab— 3% =

(3—a)b+ (a2 —3a)b+12>0

XopaB a > 3 60 aHXHBI TOHUAITIO OuIn Hb wiaspxuil 6aiina. Witmn
a < 3rax yave. f(b) = (3—a)b® +(a? - 3a)b+ Iracom b-xysbcardmita
XYBBbAAX KB 3-H F'UIIYYVHTHAT aBb4. 3—a > 0 yuup rpadux ue 351199
xapcaH mpabon GafiHa. ViiMA AMCKPUMUHAHTEHIT Hb aBY y3b€. X3D9B
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D < 0 rox GaTan6an TOHITIN Guin GATIAT TAHA.
D=(a*-3a)?-4(3-a)- 1=0a*3—-0a)®—4(3—a)
=B3-a)a®’B-a) -4 =0B-a)B?-a®-3-1)

=B-a)3(c*-1) - (a®+1))
=B-a)Ba-D(a+1)—(a+1)a®-a+1))
= (3 -a)(a+1)(—a%+4a—4)
=-B-a)(e+1)(6-2)?<0(a<3ymp)

Witmp ToHUB T 6um HE 6aTaarniaa.

3.2 MMO-47, VIII auruiin III nasaa
H.Apruscan (MYBHUC)

VIII-AL (Il.Hampasaa). p? — ¢° = (p + q)? 6aitx 6yx (p,q) x0¢ aHXHEI
TOOHYYIBIT OJI.

VIII-A2 (H.Apruncas). n Hb 2-bIH 33porT Xsna63pTait 6mumransr 6a
muPYYyIMiHY Bb GalfpbIl COJIbX 66D ANTAATal 2-BIH 35pOIT
x5n03pT OHIMrAsX TOOT YyCcraxk bosjmor 6ailx 1 HATYpPag TOO
opiuus 6aitx yy?

VIII-A3 (H.Haieuit-On). Hsrx pammycTait ayryfir rajgHa TaZaac Hb
HOTX TAJITall KBAOPATYyHaap Hapaaxyl X0ep HeXUSIUHAr HITIH
39par xanrajgar 0axaap TORPYYIAH XYPI3JiK OOIOXBIT OaTall.
Yyum:

1. Ksampar Gyp Iyryiir 30BX6H OPOHT00pOO ITyPraH3.

2. Xepu KBaIpaTyyl 30BXOH HAT HAT OPONro0poo X0aborIoHo.
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VIII-B1 (H.Apruncan). a,b,c sepsr 600uT TOOHYYIObIH XyBb

§(1+1+1)> 1 N 1 + 1
8\a b ¢ 2a+b 2b+c¢c 2c+a

TOHIPTTIT 6um Oueasxuir Garal.

VIII-B2 (H.Haituit-On).. Ypxssp Hb 4, HEANOSD HE 4 N-T5H TOHIYY
Gaiix n mupxsr 6yxan too ommumor Gon n-mitr "cair" T0O rae.
CaifH TOO TOTCreIryit OJI0H OIOXBIT Xapyyil.

VIII-B3 (3.Asxapran). Amrm 30 cyparurait 6a cypard GYpHilH aHTHI
Galiraa HaH3bIH TOO XOOPOHIOO THIYY Oaits. OepuitHxes 6yx
Hal3yynaac cypnaraap wiyy cyparumir "caiim cypard" rax
mapive. CaliH CyparymiiH TOO XaMIUEH HXI33 X511 6aitx 6050x
B3? (SIMap 4 X08p CyparumilH XyBbI HST' Hb CyPIIaraap MWIyy
Gaitna)

VIII-Al: Termmrramsc p > ¢ Gaiix Hb wopxuii. p 6a T 3-1
XyBaaxall 6rexX YIISTITYYa39p IIajrasd.

a) p = 1(3) 6a ¢ = 1(3) Gaitr. = p* - ¢® = 0(3). Xapum
(p+ ¢)? = 1(3) Tya wmizaryit.

b)p=1(3) 6aq=2(3) Gaitr. = P -g®=1-2V=1-(-1)=
Xapus (p + ¢)? = 0(3) Tyn mmitnryi.

¢)p=2(3)6aqg=1(3) Gaiir. = p’—¢°=22-1°=7=1(3).
Xapun (p + ¢)? = 0(3) Tyn mmitaryi.

d) p = 2(3) 6a ¢ = 2(3) Gaitr. = p>—¢® = -1-(-1) = 0(3).
Xapun (p+¢)? = (2+2)% = 1(3) Tyn mmiinryi.

Wi p, q-mife spax HYT Hb 3-I XyBaarnax Gomx GafiHa. p aHXHBI
100 p = 0(3) r3e. Tarsan p® — ¢° = (p+¢)? = —¢® = ¢*(3) Gywoy
eepeep xa631 ¢° + ¢ = 0(3) 6ommo. = ¢%(¢® + 1) = 0(3) Gywoy
¢ = 0(3) acsom ¢ + 1 = 0(3) 6aitra. Xopos ¢ = 0(3) Goar q-aHXHbI
T00 = ¢ = 3 OaiiHa. p-aHXHH ToO TYR p = § Gonuo. sy p > ¢ Tyn
3u> Hb Hmitn 6um. Xapas ¢34+ 1 = 1(3) 6a p > g romrasc p=3 ¢ =2
I'3C3H yTTHT aBY 605HO. '3y Gac Tormmrranmiin wwin Guim 607HoO.
Wivn ¢ = 3 Gaiir. p® — 243 = (p + 3)% 6a p® = p*(3) Gaitna.

I

[\
—~~

G
~
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= pXp—1) = 0(3) 6a p? Z 0(3) ryx (p — 1) = 0(3) Gaiix Gywoy
P = 7 I'3COH AHXHEBI TOO 6&1711{&
Gep mem‘ymr Xapyyaba. pd —243 =p?> +6p+9 =
p —p? —6p—252 =0.

P’(p-1)-6(p—1)—-258=0 = (p? —6)(p—1)=258. = p>T
6a171x AHXHBI TOOH INMWIANTYH HL Xaparmaa. Wivm (p = 7,9 = 3)
T'3C3H T'aHI IMARATHH.

VIII-A2: 3m» Toor a-rse. a = 2" rox OGmunrnoms. Hudpyynuin
GaipeIr combx b = 2™ Toor yycrax Gaiimar rae. Tarean b = 2a s¢Ban
b = 2%.q acBan b = 23-q Gairx GomomxkToit (2% —33¢ UX TOOTOOP YPKBIIT
OPOH HAIMATIOX TYJ YPEKUXK GOTOXIyit).

(b-a)-Toor aBu y3pe. (b—a) = a scBat (b—a) = 3a scsant (b—a) = Ta

6onmo. I'spu b — a'9 6a xapus a, 3a, 72 TOOHYYHBIH alb Hb U 9-I
xyBaargaxryir. UM a-HATYpPal TOO ONMOXTYH.

VIII-A3: « Toiiprita resuiir O, ansk HIT KBAAPAT TORPOrTOR
UIyprax msruiir Ap, TYYHUI Bapaardiid KBaApaT TOMPOrTOW HIYPIIX
mpruiir As, NapaaruiHXBIT Hb A3, THX MST THMISTIIIE.

A Xapos Aj,As, 0SIT mMypraasr KBagpa-

By/ \\\ B, TYYIBIH XO0OPOHZIO0 X0a0ormox Oaiiraa
‘«7\/ / epeHxmil Opour B, mapaarufiH XOCHIH
I\ / epel_{xm?r Opofir By, rax MOTYMIISH TOM-
ﬁffr"z-n;.\— IOoryeBon oxuni 2 xsagpar OB) miy-
,"/Al‘\y 3N JAyyHBI XyBbI, HapaarmiiH 2 KBaapaT

{ ' ‘: OB; mynyysbl XyBbl, TSTII X3MTOH
l\'\\ 0] /II yUHD OAlBlAQ,OAQBQAg ,IIGpBGH GH-
N, A HOrTyyA poM60 60ITHO. :

Witvn OAl— Hb Ay ByToH, OA3— Hb AgBy-moit npaJmenb yump
Toaraspuita xooponnox J0° enmer GoxHo (1A10A3 90%). Iaamuz
1A3OA5, KA5OA7, KA7OA9 dAT3dC A1 = Ag 6omHo. MHI‘BBI{ 8-
H KBaJpaTaap I33pX HOXINl XaHrax fGaiixaap Xyposik 6oamor Hb
OaTiarniaa. >
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b\ 2
VIII-B1: (a + 5) >4.q- g = 2ab TSHIYTr>I OGUIIIAr AIINAT-
a—l—b
9 2 1 1 4
JIa4. ab2 > —3 = 5+% > %a+h 6ommo. YYHTSH ammi
a+§
1+1 4 1+1 4
b_2b+c a 2¢c " 2c+a
=>1_}_1+1_|_1_|_1_’_1 >4 1 l+ 1
b 2a 2b 2a+b 2b+¢ 2c+a

N 3 /1 4 1 N 1 >4 1 4 1 N 1
2\ea b ¢/ 7 \2a+b 2b+c 2c+a
KommitH ToHIPTrON GUIMAH THHIBISD XYP3X HOXIUIHNT CAHABATI

b
a=~2—,b=§,c=E 6yioy b = 2a, ¢ = 2b, & = 2¢ ramraac

¢c=2-2a =4a =42 = 8 6ywy ¢ = 0 Gonoxox xypus. Hitmn

SHIDILAYY XYPIXTYA .TI3 1+1—f-1 ! + ! + !
T3HIIJI XCYH TV —
HOTIZO XYPOXTYH Tyt 3 b " %+b Wic 2ta

VIII-B2: (7-p amrmita B2 601[03‘11*1:11“ xap.)

VIII-B3: Asrmita 30 cypara 2, 2-00p Haliz Tax y3Ba1 15 caiin
cypard ompoHo. Omoo 15-aac OMOH cailH Cypard OJOXTYH I3k
Xapyyaba. Ocaprasc Hb 16 caiin cypard osmor rae. 1 cafis cypary
IM-IIMPXST HAA3Tal I3B3JI CAaflH CyparyiblH Hai3kH T0O 16m GomHo.
Yrancen 14 cypard He cafiH Cypardmmrail Hafi3lax TOO IM-93C WX
Gomnox x3parTai 60:H0. Oepesp xambon 1 caii cyparyaac m-mmpxar
CyM caiil Omin cyparduapyy oumxon 1 caifs Guin cypard mssp m-3s¢
OJIOH Cypard oumx yuup 3epumae. Wimam xaMrumiie mxn3» 15 caiin
cypartirau 6aiHa.
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3.3 MMO-47, VIII asruita IV pasaa

YT anremep

VIII-A1 (H.Apruscan). Anmsaa sepsr a, b, c 600MT TOOHYYIBIH XYBbI
1 1 1 ' 24 '

>
ab+c + bc+a,+ ac+b ~ (a+b+c+1)?
Ouesxuiir xapyyir.

TIHUITI Onia

VIII-A2 (H.HaiBuit-On).  Xot 472011 xymrsit 6a xym 6yp eepmiiH
HypTait myraap Gyxmii rap yrac Gapsaar (amap u 2 myraap
IaBXUaxryit 6a HATypaj TOOroop LyraapiaHa). X3p3s XyH
Oyp eopuiiHXee yTacHBI NYTaaphIH XyBaard Ayraaprail yrac
Gapbrar XyHTSH Hail3 00/ MKMI TOOHBI HAN3TAM 2 XYH OJLIOXEIT
xapyya (XyH 6yp 1 nyraap sssmummms, A mb B-Toit Haits 6o B
Hb MeH A-rail Haii3 Gaiiua).

VIII-A3 (M.Bar6unsr) Xasrrail n39p anb 4 3 Hb HOP OIM33D OTTJON-
HOXTYH, aib 4 2 Hb Hmapaiens Omm 47 mynyys sypas. Amb
HAT IOyJIyyHTal Dapajuielib HIYIyyH 3ypax 3amaap Hmir 2011
HIYJIyyH 3yparfiaxal XaBTTafl XaMIHilH OJNOHACC XAIIH X3CIIT
XyBaargax Bs?

VIII-B! (B.l'an6at) 25 + 323 + 1 = y* Torumrramuita 6yx 6yxsa Toon
LMATMIAT OJ1.

VII-B2 (3.Asxapran) B, C moryyn AD muwamerprsit xarac rToitpor
I29p opmuno. E 6a F maeryya xapraman B 6a C msryyaumia
AD xopuum maspxu mpoexn Gommo. AB 6a DC mynyymyyn
P wrr, EC 6a BF mynyyayyn Q merr orrmomono. Tsrean
P@ L AD rax Garan.

VIII-B3 (9.Omx3asa) n-mupxor siraatail 6omut 0o ereraes. Tarsa
SOTY9P TOOHYYHAAC X3H3H TOOT, YT COHTOX ABCAH TOOHYYHBLIH
HUIATIO3D H33D AMap HAT GYX31 TOOT H3MIX3J rapax TOO Hb MO-

Oynuapaa —33C XITP3XTYH -Haifxaap COHIOX aB4 GOJIOXBIT
n

+1

baTa.
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VIII-A1l: ‘
U+ v 4

9 1 1 4 .
(w+v)e > dur & > &S —+-> P3C3H MIIBPXWH
uY u+v u v
T3HHITFAN 6uINsaC T, Yy, 2 > 0 6o (%)
T 1 1
T Yy oz

>2 ( SIS )
rT+y y+z z+«z
T3HIITTIIT ORI ONeNdX Hb MOPAGH TapHa.
(%) TeHmATrOA 6Mmn T = ab+c, y = be+a, z = ac+b rax opayynbam
1 1 1
ab+c+ bc+a + ac+b

1 I3 1
>2
- (ab+bc+a+c+.bc-+ca+a+b+ac+ab+b+c)

: 1 1 1
= ((a+c)(b+1) + (@+b)(c+1) + '(‘b_-lh—c)(a—kl))

4 4 4
> =
_2((a+c+b+l)2-+ (a+b+c+1)? + (b+c+a+l)2)
24
(a+b+c+1)?

((ﬁ+b)—2+(c+1)>2

racaH Komuite THIRTre CUIMIAT aiIMriIas. GI‘GI‘I[CGH THIITTII
Omm EL @ =b=c=1 Galixal TOHIIIID XYPH).

6omxk GaTnax 3yin rapma. Dun (a+b)(c+1) <

VIII-A2: Om> Gomnoro Hb Napaax SHCUAH YaHAPAAc MIyYI MODIOH
TapHa. -

Teopem: Ammsaa epiumits rpadbiH XyBbI OPOMH 33pT YV Hb TOHIYY
XOEP OpOi OJINOHO. YH3X33D N USTHIH 3aPUMBIT X3PUIM3I3D X0IG0XOL
HKWJI TOOHBL X3DYUM TapcaH 2 IAT OJIOOHO raaruiir Jupuxinein 3ap-
40M AUNCIaH XAabapxaH XapX 60mHO: ANb 9 BT3¢ rapcaH Xspu-
vmita oo € {0,1,..,n — 1} 6a xapse yr T00 HL O-T9it TOHIYY GO
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rapcaH X3pYMUIH TOO Hb n-1 Toi TaHIYY Gaiix 0poii onmoxryir. Xos-
P3B rapcaH X3pYMUUH TOO Hb n-1 T3l T9HUYY wor GaitBaj xspumm
rapaaryit Opou onaooxryi. MitMa msrasc rapcan XapaMyyIuitH TOOHBI
aB4 GOJIOX YTTYyn Hb WXA33 n-1 mmpxosr Gadix Ga saraspuiir "xaiip-
mar" T9K CITTIBO N 1rad "Tyymai" rox aBaxal alk HII Xalpuart
IOp Xask 2 Tyysai opHO OyI0y MKW TOOHBI X3PUUM I'apCaH 2 1T
onnono. Omo0 6MO XOTHIH XYMYYC33 3T T3 XOOPOHIOO HAH3 XO-
CBIT' X3PUM33D XOIOOCOH T'3XK CITTIBII A3IPX TAHAPAAP MAKMI TOOHBI
Hal3Tal 2 XYH OJIOX aXK93.

VIII-A3: Oxsmx rararmcan 47 mymyymaa 1-47 xyprsn oyraap-
Tad. @;—33p i-p MIyIyyHTall Napajuesb MIyIyyHEl TOOT THMASIIIE.
(i = 1,47). Omoo HmitT X3CruilH TOOT TOOMBE. XHmoH IIyAYYH Ta-
raracad Gair. I[luHdsp HOMXK sMap HOT WIynyyH TaTaXam yr my-
JyyH TYYHT9# Hapajuiess 6uur 6yX WIynyyHTa# OrTIIONIOHO. X3p3B
TATArACAH IIYJIYYHTal k UIyIyyH OrTIOMIACT GO YT ITyIyyH HUNAT
k + 1 x3carT xyBaarmax 6a XyBaarfcaH X3car Gyp sMap HAT'3H IINHD
xycruiin Ber Tad Gommo. WMitma xscrmita Too k + 1-33p HOMArIdHS.
Hmiit xacruitn Toor Toonson (Juz ay + ... + agy = 2011)

al(az + ..+ a47) + ag(ag + ...+ a47) + a3(a4 + ..+ a47)

+o.otaggragr a1+ ... Fagr+1

47
= Z aiaj+2ai+1 = 2012 + Z a;a;

1<i<j<47 i=1 1<i<j<47
Gomuo. Omoo 6un A= )  a;0;—BIH XaMIWilH UX YITHIT OTBE.
1<i<j<47

1 1
A= 3 (3 a;)? - >a?] = B [(2011)% > a?] Tyn A—pm XUAY-pir
onox Hb B = ¥ a?—bm XBY-bir onoxroit agmi oM.
1
2492 > E(x +y)? Tyn B 56 XBY-aa a;-yya Hb XOOPOHZI00 TOHIYY

YOI 7 aBHA. a;-YYA Hb HaTYpamis Too Tya (2011 = 47 - 42 + 37),
B > 37432 + 10 - 422 6ommo. WMitmMm muiiT X3CTHME TOO XaMIUiH

1
wxmeo 2012+ 5 [(2011)? — (37 43% +10- 42)]  Goamo.
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VIII-B1:
P+3%+1=y' & P+ 12+ +1) =yt +1
& (228432 -4yt=5 & (2% -22+3)(22°+22+3)=5
Gommo. 5 =1-5=(-1)(-5) =5-1= (—5)(—1) ragrmir 6omommBoI
{ 223 — 22 +3=1V—-1V5V -5
223 + 224+ 3=5vV-5v1v -1

puiir 601coHO00p
(z,y) € {(0,1),(0,—1)} racon x0ép 71 WHMILN OIITOHO.

racoH 4 cucreM rapax 6a 5arss-

H:-)M:-m'r. I[aspx TOTIIATTHIMAT 66peep, ° = 2 Iax OpiIyyItal

22432+ (1 —y*) =0 6omox 6a z—niiH XyBBA KBanpaT TSTIINTIAN
r3X CaHABAJ TYYHUI JII/ICKpI/IMI(IHaHT D=9-4(1-y*) =0 6ymx
KBaJIpaT 66peep xambor 5+ 4yt = t? 6Gaiix G6a <

5 = (t — 2y%)(t + 2y?) Gomx axum mEPX GONONTHIH AW YPKULID-
XYVHI 33[71aX 3aMaap Oomsoruir 6000x GONOXBIT TOMOSTIIIE.

VIII-B2: ZABD = £LACD = 90° 6aiima. P—r maiipcan AD—roit
napaiiens myixyys EB 6a FC mynyyuyynrain xapramsan K 6a L
Pra9p orriomior rae. TyyEwdH QQ—r maipcan AD—1si napan-
aens mynyys EB 6a FC mynyyayyarai xapramsan M 6a N msrasp
or1ioHo. KL = M N 6aiix ub OMITOMXKTOM

ABKP ~ ABED, A APC ~ ADPB 6a ACLP ~ ANAFC ran-

£39¢C
KP BP PC PL

%EP BBDE ac-cr = ™
ST = g om0, ABQE ~ AFQC = (xv)

J\% BE
QN—E-F-(SOJIHO()GEL(**)
KP BE MQ _ KP MQ
8L =Y
PL-CF oON ~ PLtTONT
KP+PL MQ+QN KL MN
= —— e ——— =QN
® TP ov ¢ pr-onw T PL=@
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Gomx PQ//LN 6ywy AD L PQ 6onos.

VIII-B3: (Onxsasa)
Bomont: > Wnyy epemxmit Gommoro asu ysee. IypsiH n mmpxsr
60OUT TOOHYYIAAC TOFTOX

X ={z1, 3,..., 2} ononnor ereracen 6ox jm+ 3 s <

ses
m 6yxsx Too 6a S C X mox onounor (S # ¢) onmoxelr GaTamba.

HOynn1 eMHO = GomuT TOOROOC MXTYH XaMruiH mx Oyxa1 Too [z)-r
z-uite Oyxaur xa¢ar 13X 6a {z} = x — [z] Toor z-mitn GyTapxaii xacsr
ropruir Tammaerae. {ay}, {z+za}, o {T1 2o .+ Tp} TOOHYY-

Gai
1 ANX

IBIT aBY y3be. X5p3B 5Ar99p TOOHYYABIH alb Hr Hb |0,

1 3C-

n
B3I [_—f—? IJ xapuuma opror 601 6onsoro wyyn Gomoraoro. Wit
n

A32PX TOOHYYX Oyri nssp OypAcaH 2 X3puuMmi Opaorryi Gair. Tar-
BAI

1 2 2 3 n—1 n
n+1l" n+1]" [n+1 n+1|"""|n+1’ n+1
racoH n — 1 xopummiir aBaxan {z1}, {z1+za}, ..., {z1 + 22+ ... +z,}
T3C3H 1 TOOHOOC [lupmxmeliH 3apumaap HST X3PUEMA OPOX 2 TOO
onnono. Tanrasp #b {1 + ... + 25} 6a {21 + 20 +... + Th+m} BOTIOT.

0<{ri+zo+.. +Tpim}—{z1+... + T} < faiix 6a 5HIBC

n+1
((@1+ 22+ o+ Topm) — [B1+ T2+ oo + Tpp))

(@1 t+zo+..tap) 1+ +...+2 _
1 2 k 1 2 kl) > 1

= .’Ek+1 + .’E]H_Q + e+ xk_'_m

1
—([zr + 22+ o + Tpp) — [ + 20+ ... + i) < ]
1
S Tl T T2+ o+ Ty — N < —
n+1

Bomx N Gyxoa Too 6a S = {Trs1, Traa, vy Tt} € X 130 omorzIOT
OJIIOX Hb DaTiIarias. <
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3.4

IX-Al

IX-A2

IX-A3

IX-B1

IX-B2

IX-B3

MMO-47, IX auruin IT1 gasaa

b.barussran

(B.Barmsaran). 1,2,...,2010,2011 Toomyymaae X3O9H TOOT
COHPOH aBW?3. X3PYB COHT'OIIOOTYH VILCHH TOOHYVI HOTOP
z+y = z Galix syraaTai x, Y, Z TOOHYYI OAIAOTTYH G0 XaMIHHH
LIOCHISe XHO5H IMUPXST TOO COHTOH ABCAH B

(B.Barmparan). 3™ — 5" amraeap GyTsH kpampat Gaiix 6yx
HaTypaJI m,n TOOHYYIHIT OJL.

(B.Barimpuran). ABC rypsamxkusn 6artcan [ usrt TOBTM
roiipor rypsamxuasl BC tameir D usrt myprans. Al mymyys
ABC rypBamkHBIT 6arTaacal TORPruir A opoiirooc anraarai
E 1morr orraox Gereen DE mynyyn Gartaacam Toiipruiir E
19r9ac suraarai F mprr orronao. ZAFT = 90° ropruiir 6aTad.

(B.Batusnran). a,b,c Hb abc = 1 Gailx sepsr TOOHYyH 6o
b
(+a)a+0)0+) 2 2(1+ 424 g)

TOHITTII OUIl OMenHs r3aruir 6aTalt.

(b.Barusuran). Tormr ennert ABC rypBajXHEI T3TII OHII-
ruiie opoitrooc BH eunep taras. 'ypeamxast BC karer mpop
opumx D mpruiir AB xarersir nyHmax M uprroi xon6ocou
myinyye C' A nauparumiir E 1presp orronuo. ZEBM = ZBHD
Gaixeir 6aTadl.

(B.Barmauran). Harypas n Toomer xysba (2 + v/3)™ + (2 —
\/3)" + 1 #b aExHE T00 601 N = 3™ Gaitx ceper outn Gyxai m
TOO OJIIOHO T'3ATUIT 6aTal.

IX-A1l: Xapmy 43. 2, 3, ..., 43, 44 Tocom 43 ITUPXST TOOT . COHT'OH
aBaxaf YII9X TOOHYYI HOTOp % Yy = 2z OaWlx sAnraatail 3 Too
onpoxryit. Heree Tamaac, (2,87,2 - 87 = 174)

(3,86,2-87 =174)

38



(2,87,3 - 86 = 258)

(43,46,43 - 46 = 1978)

(44,45,44 - 45 = 1980)  racou 43 mupXsr rypsai TyC Gypssc AmaxK
HA3I', HOT IIMPXIT TOO COHTOXTYH GO YiIm3X TOOHYYA AOTOP T Y = 2
6aiix z,y, 2z TYpBaH T0O oinoxon xypus. UimMn snax 43 mupxsr Too
3aaBaJI COHTOTICOH 0aifx écToH.

IX-A2: Xapuy: m = 2,n = 1. m TOO coHOroil Gaix yen
3™ — 5™ anrasap 8 acBan 2 nudpaap Tercex Tya 6yToH KBaApaT OUIX
fom. Haammn m = 2k 6a 3% — 5" = a2 rax ysve. DHd ToHIISC
3" —q=15m
3k 4+ q=5m
n1,M2 TOOHYYH 0noX écroit. Dmmac 2 - 3° = 5™ 4 5™ rox rapax 6a
2 - 3% 100 5-1 xyBaarmaxryit Tym ny = 0 6a 2 3F = 1 + 5" Gaitna.
k> 1 yen 2-3* 100 6-1 xyBaarmama. Toroxmsp 1+ 5% Too 6ac 6-x
xXyBaargax 0ereey sH3 Hb 7L TOO COHATOH yen Ji 6OIOMKTOM.

=1-5+52—... =524 5%1 100 3-11

(38 — a)(3* + a) = 5" rox rapua. Tsroxmesp { Gaitx

k > 2 6omor. Taresn
+5

xysaarnax écroit. Horsut 1 — 5+ 5% — ... — 5772 4 571 = n(mod3)
TYJ SHABSC N TOO 3-I XyBaarfaHa r3x rapra. ['sron 3|n yen 1+ 5"
100 1+ 5% = 126 = 2- 32 . 7-g xyBaargax Gereen xapus 2 - 3* oo
126-g xyBaarmaxryi. Witma k > 2 6aiixk Gomoxryit. Tarsximasp k =1
6ytoy m = 2,n =1 1om.

Al mynyye BAC eunruitn Guccext-
pucc yupaac BE,CE uymyyn T3HIYY
yprrail 6aina. [aammnban BE = IE
roaruiir ZIBE = /IBC + ZCBE =
ZIBA + ZBAI = 180° — ZAIB =
ZBIFE ryx xanbapxan 6aTaix GOHO.
ABC rypBamxuun 6artcaH TOMpOr
AB tameir K msrr mypramsr  Go-
sor. Epeuxmnit /BEF = /DEB en-
uertsii BEF, DEB rypBajlXHYYIBIH
ZBFE,/DBFE eHUI'YYI Hb TOHIYY

BE,CE naymyynan TyJacas 6HUTYYI, YIPAAC XOOPOHI00 TIHIYY OaiiHa.
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: . BF FFE
Witmz 5H5 2 TypBAIKEE XOOPOHIOO TOCOOTII. DHIIIC B~ 1B
rox rapax 6a sun DB = BK 6a BE = [FE rsarufit TOOUBOJI

BF FE .
BE — Ip "% rapma. A,F,B,FE usryyn HOT TOUpOT A33p Op-

umx tyn LFBK = ZFBA = /FEA = /FEI 6aitna. OH3 Hb OMHE
Hb GaTancan T3HIBATH XamMT FBK, FEI rypBalkHYya X0OPOHIOO
TOCOOTIN I3AruMir xapyymHa. Taraxmeep LFKA =180 - /FKB =
180° — /FIE = /FIA 6ywy F,K,I, A I3TYYA HOT TORPOT I35D Op-
wnao. Witmp ZAFT = ZAKT = 90° som.

IX-B1: _lz = b?c, - cta, ¢ a%b Toprmitr amuraaE 6aTiax
€CTOH THHIPTTI OUIITHUT ¢
(14+a®)(1+b%)(1+ %) > 2+ 2(b%c+ a + a?b) 6yioy
a®t® + b33 + 3a® + a® + b° + & > 2(a®b + b2c + a) rox Gmamx
6ommo. Kommita ToHmTTON G écoop
a®b® + a3b% 4 2a3 > 3a3b?c = 3a2b
b3c® + B3¢ + a®b® > 3b°cPa = 3b2c
SBa®+cEa3+b3¢ > 3¢3a?h = 3c%a Gaitx 6a BT3P THHIITTHJT OUITHHAT
XOOPOHA Hb H3MO3n
a3b + 3¢ + c2a® > a®b+ b?c+c?a (1) rox rapHa.

Men Kommits ToHIBTMI 6Mir &coop

ad+ad+ > 3a%

b3+ b3 + 3 > 3b%c

S+ b + ¢ > 3c2a Gaiix 6a 3Ar33p TIHIPTTHN OHIMEHAT XOOPOHI Hb
moM6o11 a3 + b3 + ¢ > a?b+ b?c+ c?a (2)  rox rapaa.

(1) 6a (2) ToHmATraN GUIIMIT XOOPOHI Hb HAM3X3A GATIAX SCTON
THHIITTHII OUII TapHa.

IX-B2: MD wynyyas xysem B opoiiToif TAIMI X3MTAH Id-
rmiir B’ rox tommsrmse. M wer torm emmert ABH rypBasmkHEL
OarTaacaH ToOUprmiiH Tes yupaac MH = MA = MB = MB’
Gaitga. Taroxmssp A, B, B', H msryyn Hsr TO#por m39p opmmx 6e-
reon ZEHB' = ZAHB' = 180° — ZABB' = 180° — ZMBB' 1om.
BB’ | MD 6ereon /LMBD = 90° tyn /LMBB' = /MDB =
/MDB' Gaima. Wimn /EHB' = 180° - ZMBB' = 1800 —
ZMDB' =180°— ZEDB' 6ywy E, D, B', H usryyz Hsr Tofpor 1sp
OPIIMHO. JHOIC
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ZEBM = /EBD - 90° = ZEBD' —90° = /ZEHD —90° = /BHD
I'3XK rapHa.

-IX-B3: Hapaax xanbapxaH JeMMHUAT aIIurIasd.
JlemM. ,%, # TOOHYYOBIH XyBbI Sk = z* + y* 4+ 2% 6o k > 1 yen
Sk+3 = (x +y + 2)Sk42 — (xy + y2z + 22)Sk41 + zy2Sk, Gaina.
Baranraa: Dmsxyy jeMMm Hb
(z 4y + 2)Skt2 = Skrz + 22y + ...
(zy + yz + 22) Sk = (2F 2y + .. + (e lyz + ...)
2y2Sy = (z*+1yz + ...) ramrasc myyn rapsa.
n = 3™k Goreon a = (2 + v3)3"* + (2 — v/3)*"* + 1 6onor.
= (2+V3)3k y = (2-v3)3* 2z = 1 rox TemmrmIBAN
r+y+2=2xy+yz+zx = ay 6bereen ryz = 1 Gatima. Wimn
nemm écoop {ay} mapaanan Hb g3 = G10k+2 — G10k+1 + Gk TICOH
PEKKYPEHT Xapblaar XaHraHa.
OHd PEKKypeHT XapblaaHaaC X3p3B aiag 60 a1|aky3 TOEST HB Xa-
parmax Gaitaa. Msmaaxk ag|ay 6ereen omoo aj|ag r3aruir Xapyyirss.
Yroxoop ag = 22 +92 + 22 = (x+y+2)? —2(xy +yz+22) = a2 — 204
TYJ a1 —1 XyBaarnana. Tarsxmasp eMuex ayresnt»dp 3 fk Gon aglak
baiina.
Brser B a1 > 3% > 3 6ereen k > 1 yen a1 < aj THOOTHAT aHXaapBaJl
k> 16a 31k yen ay TOO 30XHOMOJI T3I3T Hb GaTIIarAaB.
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3.5

X-Al

X-A2

X-A3

X-B1

X-B2

X-B3

MMO-47, X aaruiia II] nasaa

B.Baspxapraa. V.Batiopur

(B.Baspxaprai). n, m > 2 HATYPATI TOOHVYL. ) Hb AHXHBI TOO
6om p™ — 1| p"™ + 1 Gaitx Gyx (n,m, p) TypaBTEIT 0.

(B.Baspxapramn). IlypsiE coper GHII .I'. . ¢ TOOHY YL XYBbI
Az +y+2)3 > 2%y + 4?2 + 2%z Gainar xaarnitn 6ara A-r o,

(B.Baspxaprax). Xapramsan O;, Oy toprsit A mwHrasp orr-
JIONIIOT W1, Wy TOUPTYYH OTOTOeB. W], wo-HIT Xaprai3ad B,
C-n myprax epenxumit myprary taras. O3 b ABC-r 6arraa-
caH Toupruite Tes 6a DOs-mitH nyHmax usr v A Gaixaap D
mor aBaB. M Bb O1O9-miin nynnmax Gon LO01DM = Z0sDA
rax Garan.

(B.Baspxaprai). DneMeRTYyauiEX Hb HIIIGHP 19-T XyBaarm-
mar 6aitx {1,2,...,2011} onorsormita 6yX A3 OIOHIOTHIH TOOT
odL.

(b.Baspxapran). ABCD nepsen ennertuitn AC, BD nuaro-
naquyn O mart ortnonungor 6a AC, BD-uitn myHmaxyyn Xap-
ramsan M, N 6on APD, BPC, OM N rypsaxHuyynbr 6artaa-
CaH TOUDPTUIH TEBYYI HAT INYJIyyH A33D OPLIMHO TIX Xapyyil.

(B.Baspxaprai). 1-33¢ 2n XYpT/IdX HATYPAI TOOHYYI 6L6rk-
%33. Taaraspasc oypeis k Toor coHron aBax Gypn HUAIODP Hb
aHxHH TOO Oaiix X0&p TOO ypramx onmpor 60a k-I calfH ToO
rae. Tarean xamraity Gara caifs Toor oiI.

X-A1l: (Y.Barsopur) p" —~1|p"+1 =p™—1|p™ -1 & m|2n.

a)

m~— conaroit 6air. Taresa min Gomwo. = n =m -k roe.
Pomon -1 =p" = (p™)* = 1( mod (p™ — 1))

= 2=0( mod (p™-1)) = P —1=2
p=2,m=1 .
= p=3 m=1 = ('1’1,,1,2), (n7173)
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6) m— Torm Gaiir. Oepeep xabon m = 2k 6o kjn =
—1=p" = (p*)* = 1( mod (p* - 1))

k
= k_ pP=1=2 = k=1,p=3
= 2=0( mod (pF -1)) = pP—1=1= k=1p=2

k=16ap=3vyen 83"+ 1 xunwmr muiinryi. Xapua
k=16ap=2yenm=206asm yen 22— 12" +1 = 3|2"+1
= 7T— COHAI'OU TOO.

m,n > 2 Tya xapuy: (n,2,2); n— COHATOH TOO.

X-A2: Orcen TSHIYTrHN GHII HOTSH TOPIMHH TOHIPTISA GUII TV
x+y+2z=1rsx y3sk Gomzo. MeH 6rceH T3HMNITTII GUIN UK
yupaac £ = max(z,y, z) rax y39% GOIHO.

a) T >y >z 6afir. 2%y +yPz + 222 < 2Py 4+ %2 + 222
+ zlzy + (w Yy — 2)]

e ni(ib) (b

6) x>z >y Gair. 22y + 122 + 223 < 222 + 22y + y22

- @-A)e-ya-y) St Ay tin< o

XaMrufin CyyamitH TOHIDTISI OMIN Hb 3psMO3TI#H TYd a)-8coop
2 1
ya37H3. ThrusTrasn oum <§’ 3’ 0] yen Teums1mms XYpHS.

X-A3: 46-p onmvnuanes 4-5IH 1aBaar 3.

X-B1: f(z) = (1L +z)(1 +2?)..(1 + z01)
=ag+ a1z +ayz® + ...+ akack OJIOH TMIUYYHTUNAT aBY Y3heE.
e € Ujg 6a 19 1 k Gaitr.
= eBelTh 424641 =0
618k+€17k+...+€2k+6k+1:0
FO+fE)+ ..+ f(e®) =19ag + a1(1 + e + 2 + ... +¢9)
+ay(l+e+..+%) + .. +ag(1+1+...+1)+... Toreosa Gunumit

\—-——‘,_I

19
on0x écToll HUAT 19-11 XyBaargmar OJIOHJIOTHWIE TOO Hb:

= ag+ aig + ags + ... = 119(f( )+ ) + o + F(£2)) Gommo.
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f(1) = 2201 £(e*)— yynuitr MMO-46, x.98-r anxaapan 60ox.

X-B2: AOD-r 6arraacan Toiipruita tesuiir O;

BOC-r 6arraacan roiipruita Tesuiir O

COD-r 6arraacan toipruiia Tesuir O3

BOA-r 6arraacan Toitpruita resumiir O4 rae. Torsan 0102030, nep-
BOH OHIEIT Hb NApajuieorpaMm 6a yr //—rpaMMblH OUATHAIYYILIH
orTiomIyisH 0T 133p MON rypBamkuer 6arraacald TOMPTUIH TOB
Hb ODIINHO TSATHAT Xapaxal TOBOITYH TyN Ta OyXsHA yamsse. X-
B3: Jlemm. {1,2,...,2n}

omnonnoruir A = {ay,...,a,}; B ={b,...,b,} 6a

1 <i<n, a; + b; aaxubr 100 Gaitxaap xyBaax GOIHO.

A Beprpanst nocryasraap dp € P, 2n < p < 4n Ganina. p = 2n+m
6aiir. Toresa m cornrou G6OIHO.

Wunyxunita emaex amxmaap {1,2,...,m — 1} omonnormiir 6ommorsis
HOXIIOJI XAHTaXaap XyBaaX 4aqHa.

Xapur m,m + 1, ..., 2n onommnormirr {2n,m}, {m+1,2n — 1}, ... rax
xysaaxan Jlemm Garnarmana. Qumpsc min(k) = n + 1 Gomso.



3.6

MMO-47, XI auruniia 111 naBaa

- b. Barbagcranan

XI-Al (B.BarGascraman). P mp 2011 mmpxsr aiaraarait 6oouT a3-

ryyprai 2011 39pruiie onon rumyyHT Gair. XaMruiH 0JI0HA00
Xu9H33H Kosdpdunuent Hb 0-T5i ToHIYY Gaiix 600X BYY

XI-A2 (B.BarGascranan). ABC rypsamxest AB 6a BC Tamyyn nsp

xapramsan D 6a E meryymuir aas. DE xspumuiir K, Ko, ..,
Ky, upryyan 2n+1 mupxsr WKW yPTTAH X3pUMYYIASI XyBaamar
bamr (DKl = K1K2 = K2K3 = = Kgn_lKgn = KQnE).
Xapss BK, nmampar AC rtamwer T,, wsrr, BK, 1 naupar AC

Tastbll 11 morT orronmor 6oa 1n,Th4q < 51 rox GarTal.
n

XI-A3 (B.Bar6Gascraman). H = AjAz...A, ryarsp OIOH OHIOIT

XI-B1

XI-B2

XI-B3

erermeB. Xapss A; 1411 (Ant1 = A1, Ay = Ap) xopumuiia
AYHIAX IOPWiH XyBba A; opoiiToil Torm xsmrai nor A ue H
notop (xypasH mosp Galix Gomro) Gafimar Gon A;-r caiie opoi
rae. ‘H-m mop xasx n — 3 UIMPXAT CafiH Opol Omil rax OaTadl.

(b.Bar6ascraman). ABC rypsamxsst oprouestp Bb H, BC
TaJiblE AyH#ax mer D Gaiir. H-r maipcan wmynyye AB, AC
Taayyoer xapramsan F, FE wryymn AE = AF Gaiixaap or-
ronpor. DH nmanpar ABC rypBajixHabir 6artaacas TORPTuir
P wsrr orronmor Gon P, A, E, F usryyn H3T TOUPOT 33D
OpHIINHO I'aX Garad.

(B.Bar6ascranan). ,y,z Hb  + y + 2z > 6 Gaix separ Gogur
TOOHYYI Oafir.

Yy z
y2+Z+1+z2+x+1+m2+y+l

WIPXUIIINIH XaMIuHHE 0ara yTeIT 0.

2yt + 27+

(B.BarGascranan). p > 3 aEXHEL TOO 6aiir.

p

D D
Z Cip” C(p—i-l-l)p
i=1
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TooT p°-I XyBaaxam rapax YIASIIJIHAT O,

XI-A1l: SImapu OnOH I'MUIYYHTHIH SIraatail 2 S3TyyphIH XOOPOHI
YIaMXJIAJIbHX Hb ANAX HOT A3Tyyp Opmimor. Y YHWAT aInnurjiad
AHXHBI OJIOH THIIYYHTHHH &b I 5poMOUIiH yIaMKIIAI Hb AaBXap 13-
TYypry# rayAruir xaa0ap Xapyyxk 60mHO. AHXHBI OJI0H THITYYHTO.
napaancan 2 Tor kosdduuueHT6aiK GONOXIYi TSATHAT Xapyyabd.
XapaB mapaascan 2 Tor koaddunmenT GaliBaT TYVHMIl AJlb HAT APIM-
OWitH yIaMAJIAT Hb T2-1 XYBaarJaXaf XypHd. VIAMI AHXHBI O/IOH Ti-
WIYYHT3L 0apaascaH 2 Tor kosddenuwent Gaixryit. Winvm xamruite
x5 2012/2 = 1006 wmpxasr 71 ToT KoaddurmenT 6aiixk GOIOX Hb 53.
Witv om0H rumyyHT 6ailHa THOTUAT XapyyiIba.

P(z) = z(z? - 1%)(a? — 2%)...(2% — 1005%)

OJIOH TUIIYYHT Hb SAFaaTall A3ryypyyATall 6ereen coHOron (yHKI
TyJ1 6YyX TOTII 35PTUNH OMHEX K03(dunuenTyyn He Tor OaiiHa.
XI-A2: ABDK;,ABK;Ky, ABKKs3,...,ABK>,F rypsamx-

HyyIObsIE Taa0all X0OPOHAOO THHIYY TV T3Ar3spuiir S rae.

A Tl Tn T'n+ 1 TQ" C

Men A BAT-uitu tanbaiir Sy, A BT Ty-uitn Tanbaiir Sp, A BTy, C-
nHH Tanbair So,yq Ioe.

_Sl+52+--—-+s2n+1. i _52+S3+...+52n_
b= oS T T G
- S3+ S84+ o+ Sopa o Srt1—k + o F+ Sn+1+k:‘
Hn=2 n—-3)5  F* 2k +1)S
_ Sn + Sn+1 + Sn+2 . Sn+1
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6air. Tsrean

AC _ Sapc  _ S1+ St +Sumy S
2n+1  h(2n+1) (2n+ 1)k AR
Sn+1

S
T2 Tt = = ,u,oﬁ 0OMHO. Uy, > pp TaX OaranBat 6onII0roO

Gonormono. Omoo iy, > fin_1 T3XK XapyyIba.
St + Sant1 > 2y/S1 Song1 yump

51+ S+ +Song1  S2+ 834+ Son +2¢/515m 41

= """on+ns  ° @n+1)8
So+ ...+ 5, [ 5159,
@2n+ Dpp > =2 5 +2\, 1522“
Sls2n+1

=(2n - Dpp-1 +2

Si _ AB-BTy Sy _ BC-BTy, BTi-BT,
S BD-BK,’ S ~ BE-BK,, BK; BKj,
_ SuBnimy, _ S2t .+ 5

SABK Kon, (Zn - 1)5’
AB - BC _ SaBc _ S+ Sy+ ...+ Sgn+1. .
BD-BE  Sppp (2n+1)8 -

TOOTUNAT TOOIBOJI

S1Som41 AB-BT, BC-BTp,

S2  ~ BD.BK, BE-BK,, ! 1Hw

n—1

n

Witvn (%) TormeTran 6um 8 ((2n + Vg — (20 — Dpn—1)? > 4pipn
= A I'3BaI

Gomeo. OH3 TOHIITTAM GUIIMIT 42 -1 XyBaaraam

(2n + 1)222 — 2(4n% + DA + (2n — 1) > 0 6omso.

An? + 14 4n on —1\2
o= )\, = o =1
1,2 (2n+ 1)2 3 1 (2n+ 1) 3 2

Hn—1
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A

IA

2n-1
<2n+1>
2n -1
<2n+1>

A

IN

2
3cBYT A > 1

2

(S1+ 82+ .+ Sonp) (20~ 1) _ <2n—1>2
@An+1)(Sa+ ...+ S2)  ~ \2n+1

@n+1)(S1+ ...+ Son41) +2(S2 + S3+ ... + 82,) <0

Gomx sepumnz xypHs. Mitmn A > 1 6ywoy pin > pp_1. Omoo sma

YWIIIMAT i, — UHH OPOHI [ip—195P COJMH YPraJIKIyYIB3II

Pn—1 2 fn—2 6OMOX 63 YYHUAT YPIITKIYYIBIIL fhy > fin—1 > -.. > flo

6omx Gatnargada. Torusrraa 6um DE//AC yen ToHIDIIS XypHS.
XI-A3: Munykimsp 6aransa. 4 eHIErT MaaHb TPaTel yel misp-

xuit. Tpanen 6
Hb WIIPXUY.

ui yeq 3ypar 1-T y3yyicon A opoil caite opoil 600X

7 0noo n > 4 yen 6aranss. Xopss ryn-

N T "/ Ip OIIOH GHIEITHIH &b HAT' OPOIl Hb
S~ e . .
\ ““\ﬁ{ / Myy OOJI TYYHUNTr ajib 9 OUATOHAJINIH
- /r - -
\,\T/_//_ - /?#B OYHIOAY ISTUHH XYBBA TOTIE XOMTIH
D / XyBHpraxajJ TapaX [dT OJI0H OHIIOI-
\ / TUIH ragHa GaiiHa TOATUAT GATATBA.
\\ / 3ypar 2-1 y3yyncsussp A Hb caith opoi
\ / 6um 6ereen BC nuaronammity mynmad
\'C/ LPTHHH XyBBIl TOIII X9MT3H msr D Hb
3ypar 1, OJIOH OHLEI'T JOTOP OPIILAOTTYIi Tae.
a) A
N
\‘\
NN
I ™
AN\
N | \&
S /_,( N\
—— |\
R B e 1
X\ i
b \\ I|II
N |

I

/
£ ——-}'/

3ypar 2,
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FE Bp B-131 X0pHm Opoit 6afir. £ opoil Hb [y UlyyyHLI GapyyH TaJ
3ypar 2a)-m ysyyicoussp 6Gatipnax 6on BCF rypeamxun motop D
opmmx Ty F 13r 0JI0H 6HISI'T HOTODP OpIUX GOIOMAKTYH. JCpPar To-
xuosiong D mar olloH eHIerT [0Top opoxon XypHs. Xapas E opoll Hb
sypar 2a)-1 F mpruita opmmx mMyxun opumx 601 BCE rypsamkus
notop D opmiux Tym 3epumn yycHs.

XospBao E Hb 3ypar 2b)-n y3yyicsmssp lo-mit 3yyH Tas opmiior
6on A 6a F maryyn BE tampia 2 tann opmwmx Tyn F b OnoH
6HIOrT AoTop opmmxryd. Milm apraap Ounm caita Gum opo#r 6yx
MUATOHATMUH AYyHOAYUWH XyBBI TATII XOMTOHM XYBUPraxaj Iapax
IPCYYI OV OJI0H @HIEI THHH rafHa OPIIKMHO TOATHAT 6aTaIK JaIHa.
Xoap33 E Hb 3ypar 2b)-m y3yyiacsmssp lo-mitH 3yYH TaJld OpLIZOT
bon A 6a F uoryyn BE rtamuim 2 tanm opmmx Tyn F oL omom
6HNerT morop opumxryir. Witm apraap 6um caitw 6mm opoir 6yx
MUATOHAMAUH AYHOAUUIH XyBbI TSITI XIMTOH XyBUpraxafl rapax
LSTYYA OYTA OJOH OHIIOT TUIH TaHa, OPLIMHO TOATHAT GaTAK JaTHA.
Omoo Gommoroo Gombé. X5psB yr OIOH GHUOITON 4 IMMPX3T CAMH
Omir opoit Gaiimar 6O TSArIIPIIP YYCHX IOPBOH SHIEIT Hb AIPX
oryynbtap écoop 4 mmupxsr Myy OPORTON OJIOH OHIOrT 60JI0X0I XypU
3epuMI yycsB. Bommoro 6omormos.

XI-B1:

AN E

N

ZBHC = £BQC 6a BD = DC yunp HD 6a DQ #b Memuanyyn
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Gonox 6a LHDB = ZCDQ yaup HD = DQ 6onox b xambap
mepnens. Wivn BQCH ub // rpav 6omro. LZABH = ZACH yunp
BF BH (CQ
~ FH —_——= =
ACEH ~ AB = CE = 0H ~ BO (%)
Men BQCH // rpamm raarssc Sppg = Spgc,
PB-BQ-sin/{PBQ =PC-CQ-sin ZQCP,

CQ PB
_ 0 . — . =
£PBQ+£QCP =180° ymp PB-BQ = PC-CQ, - C=%C"
" BF _PB BF CE

¢ CETPC ™ PBT PC

/PBA=/PCA = APBF ~ APCE =

/ZPFB=/PEC, /PFA=/PEA

tyn PAEF,4 ennert Toliport 6arrana.
XI-B2: Komu-ByrakoBckuite ToHUSTTa GUIIISD

G %, % (tete)?
b1 b2 b3 bl + b2 + b3

Gaitra. YYHHAT aIuriaBas
2

xz
A= Z +z+1 ;m(y2+z+1)

cyc

(x+y+2)? _
Zny 2+ ay+yr

cye
cyc cyc cyc

T+ u+ 2 > 6 T yaruir TOOnBOI

6(z+y+2)
_Ewy +1/6-2 23 zy+1/36- (L x)®

cye cyc cyc cyc

216(z +y + 2)

- 36) xy?+6-Y > zy+ (Y 2)3

cyc cyc cyc cyc

50

= 216C



1
T 21(x? 4+ 2 + 22)

Onoo C >

(%) rox GaTanbs. YHOHIP3

(x) & 211 +y + 2)(z® + 3% + 2%) > 36(xy? + y2? + 22?)
+6(z +y+2)(zy +yz + 22) + (z + y + 2)%.
YyuHuiir 3amaan SMXTI9BAII
20(z% + y® + 2°) + 12(x22 + ya? + zp?)
> 24(zy? + y2? + 22?) + 24zyz. (k)
OH5 Hb apaax 2 TOHUITTHI GUINUAH HUMIOD TOM.
12[z(z - 2)* + y(y — )’ + 2(z —y)*] 2 0
8(x3 + 1 + 2°) > 2ayz
z? + y2 + 22 = ¢ raBan

T R AR A R
y+z+1 zZ4+z+1 24+y+1
216 216
2 2 2 _ _
>ty +z +Wz'2‘)'— 21t f(t) (***)
bomro. Heree rasmaac
(z+y+2)?

> 12 6aiina.
t > 12 yen f(t)-mitm xamruiin Gara yrra mb f(12) Gaitma. (x * *)

T+y+z > 6Tymz?+y%+ 22 >

TOHIPTIA OWIM HBD £ = y = 2z = 2 yen TOHIBIAID XYP3IX Ty
216 6
A= f(12) = — =12
min f(12) = 12—|—21 3 76anHa

XI-B3: p > 3 auxuw T0O yen

p—-1 1 1 p—1 P p—1 1
A: e ( >:—Z———EO(m0dp)
— k2 P k p—k 2 Pt k(p—k)
2
1|22y 2o i
B = == - - —| == |4%2- 2
E-l 2 ( k) k2 2 Zk
1<k<I<p—1 k=1 k=1 k=1




BalHa.

:%[AQ—KE% = 0(mod p)
C=Zp:i(p—i+1)=?@_l’(_l’ﬂ)ﬁ(2p+l)+p(p;1)
i=1
plp+1D)(p+2) _p? N
- 6 =9 g(mOdp)
or _ Pipi=1)..(pi—p+1)

p-1; =t
(-1) . @—1M—§:@ D oy +

1PNl = A (i) + B i) = (-1

p
P“H—l)p Z (p—i+ 1) [1 -

=1

=[1- A@® +p)IC = CE%
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i1 — A (pi)] (modp®)

A-(pi)—A-(p(p—i+1))]

3 (mod p3).



3.7

BB-Al

BB-A2

Bb-A3

BB-B1

Bb-B2

Bbb-B3

MMO-47, baruin 6armmuiia 111 nasaa

I.Tan3opur

(I.Tamsopur). 3es 2011 exuertuiin 52 OPOATr Hb YIIAAH GHIOOD
Oycansir Hb HPHX3p eHreep Oymas. WMkun eHruiin OpoRTON
ANy XaXYyT TYPBAJKHEL TOO Hb 6yIANTAAC Y1 XaMaapHA T3X
OaTai.

(II.Tamzopur). Homormexyyr 6yp Hb 6yxam Toonsr 2000 33parT
6omox 2001 mmpxsr Toonsl HuAnGSpT mop Xasx 100 smzaap
Guaurasx GyXail TOOHYyH OpUINH OaiHa rax Garai.

(IL.Tamsopur). Cym 1600 mamammTail 6a Tyc 6yp 97 xyHTit
36 xopmoo Gafiryymas. Hop xafx 4 epeHXuil TUNIYYHTIT X0Ep
XOPIIOO OJIACHO TIXK 6aTad.

(I.Tamsopur). Toiipor mesp 2011 mmpxsr Too Guucss Galis.
X>3p3B AMap HIT OAPAAJICAH I, Y, 2,1 ~-TOOHYYOBIH XYBbI
(z—t)(y—2) < 0 60 y, z-uiiE GAEPHIT COMUX YA TOTCIOIOT
AJIXaMbIH 1apaa 30rCOX yy7!

(IL.Tanzopur). v99...99 TOOHB! APABTHIE OHWISTMIH Tacla-
\—.\,—'
. 4020 3
naac xoumxu 2011-p undpuiir o
(I.Tam3opur). 5 Horxk TambaiiTail KBapaTan HITK TanGaiTail

9 mmpxsr Tyarsp oioH eHUerT Oalipayynaas. Epemxumit Tanbai

Hb % eec bararyit Xoép OJIOH @HLET'T OJIIOHO TIX Y3V

BB-Al: (Y.Cyrapmopx) 52-ynaan, 959-msuxsp Gafiraa. 2 eHre
x0éyraa opcoH 0alix amuil XaXyyT TYPBaJKHBI TOOT TOOIBE. Oep
OHTWITH TypHIH 2 IATWAT aBaxa[ YT 2 AT CYYPUilH IATYYI Hb 600X
aguil XaxyyT TypBakuH 1 mMHpPXar, yr 2 3T XaXyy Tajx Hb 60710X
I'yPBaJIKTH 2 MIUPXST OYI0Y yT 2 usrniir aryyicad aaui XaxyyT Typ-
BasxuH 3 mmpxor Gaira. 1 ymaan (A(y)), 1 xex (B(z)) wsrmiir con-
rox Gomomxwuita oo 52 - 1959 66mox 6a ammt xaxyyt A(y)B(z)C(z)
T'YDPBAJIKEH 2 H33aap TOOIOTHOX :
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( A(y)B(z) ramsir yz tam rasan A A(y)B(z)C(z)— i z smapu exre-
52 -

.oy . . . 59 -3
T30 Oaiical yx X>A09puitH Ar 2 Tai 6airaa) Ty THAM — —

IUPX3T TyPBAJKUH 2 6HTUHAT aryyJcaH auui XaxyyT Oarina. Wimm
2 eHre x0&ysaa OPOJILCOH AN XaXYyT FyPBAJKHLL TOO BynanTaa-
€aa yI1 XaMaapaH TOFTMOJ 0aiiraa Ty 6yX opoll Hb aomit 6aiix aIuit
XaXyyT TypBaJLKHBEL TOO OymasgTaac xamaapaxryi: Hmit ammm xa-
XKYYT I'YPBAJIKHBI TOO AYDPBIH 2 U3TWHAT COHTOXOX YT 2 L3T39D CYypPh
XHHAC3H MW XaXyyT I'yPBAKUH OP TAHI] TYJI 022011 OaiiHa.

BB-A2: (Y.Cyrapmopx) s = 2000, m = 2001, ¢t = 100 roe.
n > 2" -m!.m -t 6aiix n TOOT COHIO8.

1<a; £... £ap < nbaiix (a1, ...,0;,) M-THIT CORTOX GOIOMKMMH
00 Hb 1 < a3 < ... < @y, < 1 Gaitxaap (a1, ...,0y) M-THIT COHTOX
GomoMxuiE TOOHOOC HX. DH3 CYYT4IMiiH COHIOMTHIH GonoMx Hb CI'.
Conronr 6yp max af + ...+ a, = A < n®-m 6a (a1, ...,an)-mir
A-pyraaprait xafipnart xuite. Xa#ipmarasl T0o n° - m-33¢ X3TPIX-
ryi Tyn Qupuxmneis 3apamaap mop xasx CI'/n® - m mmpxsr m-TeIr
aryyJacaH Xadpmar ongoHo. ['oTasa

nn—1)..n—m+1) _ (n/2)™ n™ n-nm1
- =
m! m! 2m.m!l  2m.m!

o =

2m.ml-m-t-nm1
- 2m . m!

m

C
Gyroy —2— >t = 100.
nf-m

BB-A3: T A; — i—p xopmoo, i = 1,36, V cyMmbIH Maguuzm rae.
Ocaprasc Hb ajb 9 2 XOPLIOO 3-aaC WIYYTYH epeHXMi THIIyYHTIH
|A; Aj] <3 roe.

36
V] =1600 > || ] Ail > MMK I, 5.9.15 6)-00p
i=1
S 1Al =Y 1A Ayl = 36-97 — C35 - 3 = 1602
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ROPUAT YYCTHB.

,om Galir.z12o + ... + Tpx1 (*)- HELIO3-
i 3 PUIT aBu y3be.

A Ty, xiv1 (i + 1 = 1)-yynumite Gaii-
PHID  CONMUXON (*)-HUIIIGHD HXCIHD

BB-B1: | |
| | rox y3yyi. Heree ramaac x1, ..., Zp-
‘ * TOOHYYILIT TORPOT I33TYYp GalipeIr
\, Hb COMMX GOJIOMXKWITH TOO TOICre-
Sa o ner. VitmMa naspxm VAIasn 300COHO.
BB-B2: o _ g2
——— 107" — 1
A=+9.9=V10"" -1, r, =10" - A= =
=" n 0 +A 10"+ A4
n
1
o) . — 10" — n_ —
A <10 érn>—2_10n,A 10" —r, < 10 5 10n 9..9,9..95.
n n

Heree Tanaac
1 3
<
o+ A 5.107

& 210" <34 & 4107 <942 = 9(10"-1) =0

GARENTT
3
I = o no_ =
Gomao. Mitmpg A = 10" —r,, > 10 5100 9...9,9...94. Dumsc
n
9..9,9..94 < A9...9,9..9 5. Witmzn 4 Gonuo.
L L~

NP
n n n n

BB-B3: Bommoro xaBTrait g35p n— AYPC 6TCOH.

i1, ..., g-AyraapTail OYPCYYAMAH orTaomuon S, ;, Gair. S-Hb 6Yp-
X3TACSH Oypewmitd Tasbait. Mi-mb 6yx S;, ;, -yyOmiiH HEAn6sp Gom
m-torm yen S > My — My + Mz — ... + (=1)""' M,,,,

m-congroit yen S < My — My + M3 — ... + (=1)" T M,, Gaitna.

( MMK-I Hupuxsneitn 3aptnm).

5>9-My = My > 4. 9-0/I0H GHISI TEOC HUNT Cg = 36 X0C yycrax

. X . . 2 1
60JI0X TYJI SATIIPUAH SIMAP HIT XOEPHIH epaHXuH Talbal Hb 6 > 9
baitHa.
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3.8 MMO-47, Nyunemn 6armunis III nasaa
B.I'an6usr, 1. Jammopx

HB-Al (IT.Jampopx). 2" anraatait Too Gyxuit
a1, a2,03,0G4,...,097_1, Gon JAPAAIIIAAC

Qgn-141,01,Q9n-149,02,...09", Ggn—1

napaanaan Mpkux [ yinnan 3esmeepermxss. [ yhaammir
XaMIMIH HO6HJ00 X5IPH YAad TYHIDTIOXDI AHXHBI Napaajiall
rapax Bs?

NB-A2 (I.Mampopx). p € P, a € Z, d | n Gaitr. p | ®,(a), &4(a) 60a
n=d-p* 6a p? { ®,(a) rox Garam, sum () HH N myraap
OyTy# ONOH THUINYYHT.

HB-A3 (II.Hampopx). A CN, |A] = oo 6a Va € A-mite xyBbI
an_l_an—l_{__”_}_a_*_l | a"!—l—a(”'l)!-l----—l—al!-l-l
baitx 6yx n € N-r o
n n—k \ 2n+1
IB-Bl (I.Hamnopx). S mek] 12°= osto-
k} k -5 m
XBIT HGaTaJl.

2" -1
3

Ib-B2 (II.Mamnopx). 3| 2" — 1 6a Im,
n € N-r oi1.

| 4m? + 1 Gaitx 6yx

IB-B3 (I.Mammopx). M = {(z;,4:)|i=1,2p -1} CZ2,

|M| = 2p — 1 6a Zy-uits snement Gyp Hb Z1,...,Tgp_1 Japaa-
Jann 2-00c WIYYryH yaaa opgmor Gaiir. Tsresn M Hb p rm-
IyYHT# ToT man mapaanan (|I| =p, I C{1,2,...,2p— 1} 6a
2 (i yi) = (1 @i, ) i) = (0,0) € Z2) aryynma rax 6arad.
i€l i€l el

IB-Al: f 6yynranraap mapaajuield m—p rumyyH k—p Gaipasn

upmr 6o f(m) = k; amx ererncen mapaanai rapax f 6yyIraiThIH
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XaMruiE Gara Toor f, rox mommermee. s € N s < 277! Gaiir.
f(s) =2s; f(2" 1+ s) = 25 — 1 Gommo.

2(2"1 + ) = 25 — L(mod2" + 1) Ty m € N,

m=1,2" yen f(m)= 2m(mod2™ + 1)

F2(m) = f(f(m)) = 22 m(mod2"+1), ..., £ (m) = 2*"-m(mod2™ +1)

6a 22" = 1(mod2"+1) tya f2*(m) = m(mod2"+1). Dmo us 2n ynaa
YHIIOI XUWXHT MAPDAATITBIH allh 1 THIIYYH aHXHBI GallpaHmaa MpHD
™CsH yr. f,, > 2n rax Garnasaa f, = 2n 6ommo. Jlapaasmeia 5X-
HIAV TUIIYYH 21 —73¢ [O6H YHILAID DallpaHiaa UpX Jalaxryi 6yioy
m = 1ven q € {1,2,3....,2n — 1} Gypuita xyson 29 #Z 1(mod2™ + 1)
rax Gariaxam xamramrrai. 2° = 1(mod2™ + 1) sun § He Xamruita
6ara marrory roon 20 — 1> 2"+ 1 § > n 6a 22" = 1(mod2™ + 1)
Ty §|2n 6omuo. § = 2n Gosox Ty GaTiargas.
IOB-A2: n = d-p* 6onox us MMK II, 10.6, GPYY.TIGL;;J 16) 6a
Gomsioro 10.96). 16)-s8¢ rapHa.

n
-1
dopt =dy e 0l =1(p) = o =1(p). ala)| 5 T Ty
a“s —
a™ -1
p* 1 o 1 rax xapyymaxan p® { ®,(a) rax rapsa. a% = B roe.

B=1(p), B=pk+1, k€N rossa B — 1= pk Gono. p > 2 Gaur
a"—1 BP—1 (pk+1)p—1

as -1 B-1 pk
-1
=p+ ;D_____(p2 ). kp + (kp)%(...) = p (modp?).
p=2vyen a—conmroit. 4n yen a”—1 = (a™?-1)(a™?+1). MMK II,

n

-1 .

10.6. Hacran 2-ooc @, (a)] -—i—n—-—l = a2 41, a2 41 =2 (mod 4)
a —_—

6yrwy 4 1 ®,(a) omos. 41 n Gon g =k, a®>= Aroe.

a" —1=AF —~1=(A-1)(A*1+ ... +1). I] xaanT coHATOMH mEpPXAT
TOOHYYABIH HUANGp Tya 2-t xyBaarmaxryii. Witvn 41 &, (a).

IB-A3: Xapuy: n=1, 2.

Oeyyabap: ACN, |A]= o0,

n = degf(z) > deg(g(z)) =k, f(z),g(x) € Z[z] 6a nypem
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a €A xyeen f(a)| g(a) Gon g(z) = 0 Gaiina.

< f(x)=ag+ax+ag+ asz? + ...+ apz"

g(z) = by + b1z + b + box® + ... + bpzF # 0 6a

Qn, by HB 3epar rax y39xk Oonso. f(z) — g(z) = aya™ + ... 6Gomox
6a . Eﬂr_loo( f(z) — g(x)) = +o0 Tyn xamranrrail MX a— WHH XyBbI
f(a) > g(a) > 0, f(a){ g(a) rox sepumnn xypax Ty g{z) = 0
GaliHa. P

fl@)=a"+z" '+ +z+1; T()=2"4+20"D 4+  +2'+16a
T(z) = (z" - 1)-Q(z) + g(z); Q(z),9(z) € Z[z] Gair.

"t = 1(modz™*! —1),+1 < k yen k! = ay( mod n+ 1),

0 <ok <n, resox z® =z%( mod ™! — 1) Gaiina.

g(x) =z 4+ 2%-1 4+ .. + 2 + 1 6onmo. V a € A xyBbI

f(@) T(a) & f(a)l g(a) 1)

Gaitx Tyn x3paB deg(g(z)) < n 6ox Oryyabop écoop g(z) = 0 Gaitna.
I'asa a3 = 1 tym deg(g(z)) > 1 Gomx sepumnn xypmd. Mitma
deg(g(x)) = n 6a g(z)— mita cyn rumyyH ¢ 6oz ¢ f(z)—g(z) = z-91(x)
roBaa (1)-93¢ Vo € A xyon f(a)| g1(a), degf(z) > deg(g1(x)) Tyn
eryysbap écoop
q1(z) =0, cf(z) = g(z) Gomox Tyn

{a1,29,...;an} ={1,2,...,n} (2)
baitHa.
n=1lyema'+1]a'+1; n=2yvena®+a+1]a? +a +1;
n >3 yvenn+1=pe P Gaiir. Bunscous! Teopemoop
p-Di=-1p)= (-2 p-1)=plp-2)! - (p-2)!
=-(p-2! = -1p), -2 = 1p) wyn {p-2,a1} = {1};
{a1,09,...;an} # {1,2,...,n} Goax (2)-n 3epumne. n + 1 30xmOMOT
bonn+l=9q-k 2<q<k q¢gkeNmpak+1l<nba
k+)~Kkl=K-k:n+l=q-k

{oaksr,ar} = {r} tya {a1, a0, ..., an} # {1,2,...,n} 6omx mer (2)-n
36PUUHS.

IOB-B1: f(m) = ( ) ( [ 2k] )2’“ 6a F(z ;n:xmf(m)



rae. JH3 Yen

=22 (1) o] )

n
) s> ( 52 >k+>
m—k=2ka+1 2

(1 + )" + (1 + x2)")
( ) 2k . k(1 +2)(1 + 22"k

+

+

z) (Z)(Zx (1+22)"F = (1 + 2)(2z + (1 + z2)"
)

(1 z)(( 1-|—x) " = (14 z)**L. Wivn
flm) = ( 2@51 ) Gomk GaTiarmas.

IOB-B2:3|2" -1 = 2"=(-1)"33) = (-1)"=1(3)
= n—mporm. n =25, k€N s— comaroit HaTypan TOO Gaifr.
9 — 1= (252 =1 = (2° — 1)(2° + (292 + 1)..(2°) + 1)
3]2°+16as>3vyen2®—1=-1(4) yn p = 4k + 3| 2° — 1 Gaiix
IPpeP. pl4m?+1 = (p;2m)=16a (2m)? = -1(p)
p= - -1

(2m)?)™F = (-1)"F (p) I’T = %k + 1 Tyn (2m)P~ = —1(p) 60-
nox Hb Pepmarnita 6ara TeopeMn 3epuune. Mitvn

n_1 (2-1D@2+1 1.2 +1
s:l,n=2k,2 =( 1)(+)(2§)+) ( +)
=(22+1).. (22k +1) = FiF...F, 1, yyan F, = 22" + 1 ®epmarmiin
n—p 100. Fnpi1 —2 = FyFy...F, 6a ®epmaruiis TOOHyyH COHOTOM
Ty X00pOHa0o Xapuima amxmer. F, = 227 +1 = 4(22"7 12 41
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4z 4+1 = 0O(F)

4r24+1 = 0(R) . L
TYN CHCTEMUIH THSTIMTTSN OYp MuiaTait

422 4+1 = 0(Fp_y)

6a (F;, ;) =1 (i # j) Tya ynnsrimim Tyxai XaTaIblH Te0peMoop
cucteM mmitnrait. Xapmy: n = 2%; k € N rox rapma.

IB-B3: (1-p 6omont) Komn-I{38eHnopThIH TEOpeM.
— k
Ai CZy, i=1k60m A1+ ...+ Ag| > min{} |Ai| — k+1; p}.
i=1

Zyp~ witH 37eMeHT OYp T, T2, ..., Z9p-1 MAPAATIAI XaMTUIH OJIOHI00
2 ylaa OpCOH T[T Hb Z,— WHH HT sieMeHT 1 ymaa Gycanm mb 2;
2 ymaa opcor r3cau yr. Har ymaa opcon snementniir zg 6ycowr Hb
Z1,22, ..., Tp—1 TIXDI ABIYYPAXIYH.

Zp = {.’Eo,xl,l‘g, ...,:L'p_l} IOM.

M = {(z0,%0), (z1,a1), (1, by), (21, 0'2)7 (22, b2),

v (Tp—1,0p—1), (Tp—1,bp—1)} Tox Guamx GomHoO, HI a; 7 b;.

A1 = {al,bl}, A2 = {ag,bfg}, -‘-Ap—l = {ap_l,bp_l} r3dnm
Komm-J19BeHnIOpTHIH TEOPEM X3PIriIsBai:

A1 + Az + . 4+ Apa] > min{2(p — 1) - (p — 1) + L,p} Tyn
|A1 + Ag+ ...+ Ap_1 =p.

-1
Oms BB ) ¢; = —yo(p) Oairx ¢; € A; 0IMOHO T3CIH YT.
i=1

¢i=a; 3B ¢; = by Ty yo+ ¢+ ca + ... + cp—1 = 0(p). Omraspr
Xaprammsa To + T1 + T2 + ... +Tp—1 = 0(p) Ty barsax syiun 6araar-
IaB. :
(2-p 6OHO‘HT) M= {(x())y())? (:1:17 011), (xly b1)7 (ml'v 0,2), (1?2, b2)7
vy (Tp—1,ap-1), (Tp—1,bp=1)} Tox Gwumx GomHo, HA
{zo, 21, .y 2p_1} = Zp, a; # b;. Tormita Tyxait AsoHer KoMGEHEATOD
TEeOpeM I3IST JlapaaX TeopeM ammriad 6omoé. [ € Flzi,za,..., Ty
Gaitr. A(f) = c-:rtl1 ccxlnc#£06a8,...,8, CF, Vi, |8 >t +1
6om 3s = (s1,...,8,) € [[Si; f(s) = f(s1,..,80) #0,
S1 = {a1,b1}, Sa = {ag, b2}, Sp—1={ap-1,bp_1}-
flzryenzp-1)=  [I (214204 ...+ 21 +c) raBon

c€Z\{~yo}
51,81,..,81 €Ly 62 A(f) =c-21- 20 ... - 2p_1,
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th=ty=.=106a|S|=22>¢t+16ac= (p—l)! # 0(p) Tyn
[93pX TeopeM &coop f(s1, ..., Sp—1) # 0 Baiix I(s1,...,8p-1) € 11,
SHI 81+ 804 +8p—1 = —Yo(p) 6a yo+51+524..+8p-1 = 0(p) s = as
3B §; = b; Gaiix SArHPT XApraisax Ty -+ Lo4... + Tp—1-= 0(p) Tym
OaTnarmas.
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4 OY-bIH MaTeMaTUKUIH 52-p OJINMIINAL

52nd international
Mathematical Olympiad
Amsterdam-The Netherlands 12-24 July 2011

. Hammopx

1. 52-p OYMO T'onnanneir Amcrepaamn 2011 onbt 7-p capbia 16-
Haac 24-uui XOOPOHA aMKMIITTal sBarqax oHrepres. OYMO-
n 101 oprer 563 oponuory opommnIco.

2. Mamait yncein Toounn cyparunn B.Barxyar (Ynaan6aarap, I
cypryyuns, XI anru) 19 orooroop xypan menans, B.Teremnep 17
oHoOroop xypan Menaisb O.Bambanopx, B.Bar-On, Y.301600
Hap TYyC Tyc 9 oHOOrO0O0p Tycrai 6aip 333k, II.1[3aryyE 6 0HOO
aBnaa. Wurssn 1-p Gaitpasn Garmitn omooroop BHXAY, 2-p
Gaitpann AHY, 3-p 6aiiparn Cunranyp, 4-p Gaitpang OXY, 5-p
Gaitpann Taitmann ync opx, MaHAl yiuc 54-p Gaitp 53571193,

3. 53-p OYMO Aprentusn yincern Map-nens-Piara xoron 2012-
HBI 7 capbia 4-HOooC 16-Huil 6NPYYISH 30XMOH GaiiTyymargaHa.

Problem1.Given any set A = {a1,a2,a3,a4} of four distinct
positive integers, we denote the sum a1 + as + a3 + aq by S4. Let n,
denote the number of pairs (4, j) with 1 <4 < j < 4 for which a; + a;
divides S4. Find all sets A of four distinct positive integers which
achieve the largest possible value of n 4.

Answer. The sets A for which n4 is maximal are the sets the
form {d,5d,7d,11d} and {d,11d,19d,29d}, where d is any positive
integer. For all these sets ny4 is 4.

Solution. Firstly, we will prove that the maximal value of
n4 is at most 4. Without loss of generality, we may assume that
a1 < ap < ag < aq. We observe that for each pair of indices (i, j) with
1 <4< j <4, the sum a;+a; divides S4 if and only if a; +a; divides
Sa — (a; + a;j) = a + a;, where k and [ are the other two indices.
Since there are 6 distinct pairs, we have to prove that at least two of
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them do not satisfy the previous condition. We claim that two such
pairs are (az,a4) and (as,a4). Indeed, note that ag+a4 > a1 +az and
a3 + a4 > a1 + az. Hence ay + a4 and a3 + a4 do not divide Sa. This
proves ng < 4.

Now suppose n4 = 4. By the previous argument we have

ai+aq | ag+as and az +as | a; + ay,

a1+az |ag+ay and as+ay £ a1 + as,
a1+a3|ax+ags and ag+ay [ a1 +as,
Hence, there exist positive integers u and v with 4 > v 2> 2 such that
a1+ a4 =as +as

u(a; +az) = a3 +ay
v(ay + a3) = ag + ay.

Adding up the first equation and the third one, we get v(ag + a3) =
2a2+az—ay. If v > 3, then v(a; +a3) > 3ag > 2az+a3 > 2ay+az—ay.
This is a contradiction. Therefore v = 2. If we multiply by 2 the sum
of the first equation and the third one, we obtain

6a1 + 2a3 = 4ay,
while the sum of the first one and the second one is
(u+1)ar + (u - 1)ag = 2as.
Adding up the last two equations we get
(u+ Ta; = (5 — w)ay.

It follows that 5—u > 1, because the'left-hand side of the last equation
and ap are positive. Since we have u > v = 2, the integer u can be
equal only to either 3 or 4. Substituting (3,2) and (4, 2) for (u,v)
and solving the previous system of equations, we find the families
of solutions {d,5d,7d,11d} and , {d,11d,19d, 29d} where d is any
positive integer.
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Problem2. Let S be a finite set of at least two points in the
plane. Assume that no three points of S are collinear. A windmill is
a process that stars with a line [ going through a single point P € S.
The line rotates clockwise about the pivot P until the first time that
the line meets some other point belonging to S§. This point, @, takes
over as the new pivot, and the line now rotates clockwise about @,
until it next meets a point of S. This process continues indefinitely.
Show that we can choose a point P in S and a line [ going through
P such that the resulting windmill uses each point of S as a pivot
infinitely many times. Show that for a suitable P € S and a suitable
starting line [ containing P, the resulting windmill will visit each point
of S as a pivot infinitely often.

Solution Give the rotating line an orientation and distinguish
its sides as the oranje side and the blue side. Notice that whenever
the pivot changes from some point T to another point U, after the
change, T is on the same side as U was before. Therefore, the number
of elements of S on the oranje side and the number of those on the
blue side remain the same throughout the whole process (except for
those moments when the line contains two points). First consider
the case that |S| = 2n + 1 is odd. We claim that through any point
T € S, there is a line that has n points on each side. To see this,
choose an oriented line through 7' containing no other point of S and
suppose that it has n + r points on its oranje side. If r = 0 then we
have established the claim, so we may assume that r # 0. As the
line rotates through 180° around T, the number of points of S on its
oranje side changes by 1 whenever the line passes through a point;
after 180°, the number of points on the oranje side is n — r. Therefore
there is an intermediate stage at which the oranje side, and thus also
the blue side, contains n points.

Now select the point P arbitrarily, and choose a line through P that
has n points of S on each side to be the initial state of the windmill.
We will show that during a rotation over 180°, the line of the windmill
visits each point of S as a pivot. To see this, select any point T of S
and select a line [ through T' that separates S into equal halves. The
point T is the unique point of S through which a line in this direction
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can separate the points of S into equal halves (parallel translation
would disturb the balance). Therefore, when the windmill line is
parallel to I, it must be [ itself, and so pass through T
Next suppose that |S| = 2n. Similarly to the odd case, for every
T € S there is an oriented line through T with n — 1 points on its
oranje side and n points on its blue side. Select such an oriented line
through an arbitrary P to be the initial state of the windmill.
We will now show that during a rotation over 360°, the line of the
windmill visita each point of S as a pivot. To see this, select any
point T' of S and an oriented line ! through T that separates S into
two subsets with n — 1 points on its oranje and n points on its blue
side. Again, parallel translation would change the numbers of points
on the two sides, so when the windmill line is parallel to I with the
same orientation, the windmill line must pass through 7.

Comment. One way shorten this solution in the following way.
Suppose that |S| = 2n + 1. Consider any line ! that separates S into
equal halves; this line is unique given its direction and contains some
point T' € §. Consider the windmill starting from this line. When the
line has made a rotation of 180°, it return to the same location but
the oranje side becomes blue and vice versa. So, for each point there
should have been a moment when it appeared as pivot, as this is the
only way for a point to pass from on side to the other.
Now suppose that |S| = 2n. Consider a line having n — 1 and n
points on the two sides; it contains some point 7. Consider the
windmill starting from this line. After having made a rotation of
180°, the windmill line contains some different point R, and each
point different from 7' and R has changed the color of its side. So,
the windmill should have passed through all the points.

Problem3. Let f : R — R be a real-valued function defined on
the set of real numbers that satisfies

fle+y) <yfz)+ f(f(z)) (1)

for all real numbers x and y. Prove that f(z) = 0 for all z < 0.
Solution Substituting y =t — z, we rewrite (1) as

F(t) < tf(2) - af(2) + f(f(2)) . (2)
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Now consider some real numbers a,b and use (2) with t = f(a), v =b
as well as with t = f(b), z = a. We get

F(f(@) — (£ (b)) < F(a)f(b) — b (D),
FF®) = f(f(a)) < f(a)f(b) — af(a).
Adding these two inequalities yields
2f(a)f(b) > af(a) +bf(b).

We substitute b = 2f(a) and obtain 2f(a)f(b) > af(a)+ 2f(a)f(b),
or af(a) < 0. Therefore,

f(a) >0 for all real a < 0. (3)

Now suppose f(z) > 0 for some real number z. From (2), we

zf(z) - f(f(x))

immediately get that, for every t < @) , we have
T
f(t) < 0. This contradicts (3); therefore
f(z) <0 for all real z, (4)

and, by (3) again, we get f(z) = 0 for all z < 0. We are left to find
£(0). Setting t = z < 0 in (2), we obtain f(z) < f(f(x)). Aszisa
zero of f, this means 0 < f(0). Combining this with (4), we obtain
f(0)=0.

Problem 4. Let n > 0 be an integer. We are given a balance
and n weights of weight 22, 2!,...,2"1. We are to place each of the
n weights on the balance, one after another, in such a way that the
right pan is never heavier than the left pan. At each step we choose
one of the weights that has not yet been placed on the balance, and
place it on either the left pan or the right pan, until all of the weights
have been placed.

Determine the number of ways in which this can be done.

Answer. The number f(n) of ways of placing the n weights is
equal to the product of all odd positive integers less than or equal to
2n—1,ie, fn)=2n-H=1-3-5.---(2n - 1).
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Solution Assume n > 2. We claim

f(n)=(2n-1)f(n-1). e

To begin, note that after the first move the left pan is always at least
1 heavier than the right one. Hence, any valid way of placing the n
weights on the scale gives rise, by not considering weight 1, to a valid
way of placing the weights 2,22, ..., 271,

If we divide the weight of each weight by 2, the answer does not
change. So these n — 1 weights can be placed on the scale in f(n — 1)
valid ways. Now we look at weight. 1. If it is put on the scale in
the first move, then it has to be placed on the left side, otherwise it
can be placed either on the left or on the right side, because after
the first move the difference between the weights on the left pan and
the weights on the right pan is at least 2. Hence, there are exactly
2n— 1 different ways of inserting weight 1 in each of the f(n—1) valid
sequences for the n — 1 weights in order to get a valid sequence for
the n weights. This proves the claim. Since f(1) = 1, by induction
we obtain for all positive integers n

fn)=2n-Y'=1-3-5---(2n - 1).

Problem5. Let f be a function from the set of integers to the set
of positive integers. Suppose that for any two integers m and n the
difference f(m)— f(n) is divisible by f(m—n). Prove that, for all inte-
gers m and n with f(m) < f(n), the number f(n) is divisible by f(m).

Solution For reference we write down the given property

flm—n) | f(m) - f(n) (%)

that holds for f, and all integers m, n. Suppose that x and y are two
integers with f(z) < f(y). We will show that f(z) | f(y). By taking
m =z and n =y in (*) we see that

fle=y) | If(=) - fw)l=f) - =) >0,
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so f(x —y) < fly) — f(z) < f(y). Hence the difference d =
f(z) — f(z — y) satisfies

—fly) <—flz—y) <d < f(z) < fly).

Taking m = z and n = z — y in (%) we see that f(y) | d, so we
deduce d = 0, or in other words f(z) = f(z — y). Taking m = x and
n =y in (x) we see that f(z) = f(z —y) | f(z) — f(y), which implies
f@) | fy).

Problem6. Let ABC be an acute triangle with circumcircle T
Let [ be a tangent line to I, and let [,,l, and [, be the lines obtained
by reflecting ! in the lines BC, C' A and AB, respectively. Show that
the circumcircle of the triangle determined by the lines Iy, 1, and [, is
tangent to the circle T

N

Note. To avoid a large case distinction, we will use the notion of
oriented angles. Namely, for two lines m and n, we denote by Z(m,n)
the angle by which one may rotate m anticlockwise to obfain a line
parallel to n. Thus, all oriented angle are considered modulo 180°.
Solution Denote by T the point of tangency of I and I'. Let
A =lnl, B =1,nl, C'"=1l,NI. Introduce the point A" on T
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such that TA = AA" (A"# T unless T4 is a diameter). Define the
points B" and C'" in a similar way.

Since the points C' and B are the midpoints of arcs TC" and TB",
respectively, we have

Z(I,B"C") = LI, TC")+£(TC", B'C") = 24(TC", BC")+2/(1, TC)
=2(£(1,TC) + L(TC, BO)) = 2£(1, BC) = (I, 1,).

It follow that I, and B"C" are parallel. Similarly, I, || A"C" and
le {| A"B". Thus, either the triangles A’B'C’ and A”B”C” are
homothetic, or they are translates of each other. Now we will prove
that they are in fact homothetic, and that the center K of the
homothety belongs to I'. It would them follow that their circumcircle
are also homothetic with respect to K and are therefore tangent at
this point, as desired. )
We need the two following claims.

Claim 1. The point of intersection X of the lies B"C and BC"
lines on I,.
Proof. Actually, the points X and T are symmetric about the line
BC, since the lines CT and CB" are symmetric about this line, as
are the lines BT and BC". a

Claim 2. The point of intersection I of the lines BB’ and CC"
lies on the circle I'. Proof. We consider the case that [ is not parallel
to the sides of ABC; the other cases may be regarded as limit cases.
Let D=INBC, E=INAC, and F =[N AB.
Due to symmetry, the line DB is one of the angle bisectors of
the lines B'D and FD; analogously, the line FB is one of the
bisectors of the lines B'F and DF. So B is either the incenter or
one of the excenters of the triangle B’DF. 1In any case we have
Z4(BD,DF)+ Z(DF,FB) + Z(B'B,B'D) = 90°, so

Z(B'B,B'C")
= £(B'B, B'D) = 90°~£(BC, DF)—£(DF, BA) = 90°— Z(BC, AB).
Analogously, we get Z(C'C, B'C") = 90° — Z(BC, AC). Hence,

£(BI,CI)= £(B'B,B'C") + L(B'C",C'C)
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= /(BC,AC) — Z(BC, AB) = /(AB, AC),

which means exactly that the points A, B, I, C are concyclic. O
Now we can complete the proof. Let K be the second intersection
point of B'B" and I'. Applying Pascar/s theorem to hexagon
KB"CIBC" we get that the points B" = KB"NIB and X =
B"C' N BC" are collinear with the intersection point S of CI and
C"K.So S =CINB'X = (', and the points C’,C", K are collinear.
Thus K is the intersection point of B'B" and C'C" which implies
that K is the center of the homothety mapping A'B'C’ to A"B"C",
and it belongs to I'.
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Tycraap TorrHonem 100 xusmiiy ot 6a
Ononnor TeB cypryymmitn 10 xuanita oiig
3opuyJiican Maremarnkuiin ypangaassi
46JI00T aHT'WIILIH 604710T0;

I Hammopx

AL (O.Jampopx) f : N — N ecox gymkn 6a n € N 100
o33, Xo]9B 6T6r/ICOH ATTaaTall AHKHEL TOO Pi, .., Dy -YYE 64
OTOTICOH HATYDATL TOO S1,.... Sy-YYIWAH XyBbL A; = {f(pir +
si) [ r=12..} i=1nonontoryys TOrcrearyi + Gomn
+fla+1), fla+2).... Gaitx Ja € N ragrmir Gaad,

1 (T. Bamsasaruity Gomont)
Xi={pr+si|reN}, 4 +-umin anrasapsir d; € N (d; =
0 Gon f = const)

b—e¢)

d=py..pnr3e. Torean ¥V b,c € X; : f(0)=Ffle) = d,-( Py I (%)
oommo. Omoo 1

T =s1(p1) Gaiix 3z € N (xaraneim Teopemoop) Ty

. . . OP
T=su(pn) THprpnz € Xili=Tn)= f(z+d) - f(z) = di;rl =
1
oo, = g = tn =kbap|dy,i=1n (1)
p1 Dn

bomzo. Men

' +1=0(p) baitx 32’ € N (xaramuie Teopemoop) Tyn

2 +n=0(p,) i=1,—n:f(a:+:v’+i)~f(x)@%(x'+i):k(m'+i) (2)

Gommo. = a=1x+1" ramon fla+i+1)— f(d—H') Dy (i=
Ln). |
A2. (Il Hammopx) Yn € N, 3 P(x) € Z[z), P(1), P(2), ..., P(n)-
Yya 6yrn 2-mity suraarait 33pryyn rox Garad.
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A3.

1 ( T'. Barsasarnita GononT)

N-35D HHOYKIPIK Dallryyabg.

n=1yen pi(z) =z +1(p:(1) =2)

n yven f(1),f(2),...f(n)-yyn Gyrm 2-miim snraaTait 33pryyn
Gaiir.

n+1 yen 6aitryymea. F(z) = 2/(f(z))™ —t(z — 1)(z - 2)...(x —
n) Gaitxaap l,m,t—r couroé. F(1),..F(n)-yyax 6yro 2-mitn.
33pryya Ty F(n + 1) v 2-mita 39por Gaiixaap 3 [,m,t € N
rax faTamxal XaHraJITTail.

Fin+1) =2 (f(n+ 1)) — t - n!) Gaiima: f(n+1), nl—r
33p9T XyBaaX COHATOM AHXHEI TOO ONHOXTYH. XopsB 2 < p €
P: p| f(n+1), n! 6on = p<n,p|f(n+1-p) =2 sepunn
= orda(n!) n [ rasan |

(f(n+1), %‘) =1 = flntl)" = 1(%), Im e N (Diutepuita
TteopeM) = f(n+1)™—1= tg; = 2. (f(n+ 1)) —t-n! =
2 = 3LmteN |

(B.Xoponparsa) 100 TeMep 3aMbIH OPTOGHHMI HIT33C Hb HOTEO
XYP3X 30BXGH HIT 3aM OAnIor 60JI AT OYHA Hb 2 6pTee 6aiix Xoc
epreenuit Too 2401-33¢ uxryi 6os0xeIr 6aTa.
Bononr: Ous 6omnoro #e 100 opoiltoit MomHsl 3 yprTah
3aMbIH TOOT YHNIIXTOH TIHIYY daHaprai oM. OpreeHyynss
1,2,..100 rax myraapaan yycsx momeir T, TyyHml 3 yprrai
3aMeiH Toor N(T) rax Tomasrase. '
i opoits 3vpruiir d; ( { epTee d; WuUpXor epTEeTHIH 3aMaap Wyyn
x07160T ICOH), X3P3B  OPOHH XOPLI OPORHYY Hb i1, 82, ..., iq, 6O
di, +diy +...+ d; = d; = a; T3XK TIMISTII33] maxa; = a; La%
y3be.
XspsB j Hb k-p opoitroit xepm Oereen d(t,j) > 2 ( Oung
d(t,7) b t-33¢ j-p OpOM XYpTIAX UPMArUEH TOO ) Galix HIr
33pTHHH Opo#i 6oy j-r {-TH9H mpMOIradp XomboH jk mpMSrUir
apwiraxan yycox mogsir T” rax tommpramssa N(T) ~ N(T) =
ay, — a; 60n0XBIr XAnbapxaH Toouocok Gommo. Mima t-opoiin
couroiroop N(T) < N(T') Gaitma. II33px XyBHPrajaTHIr
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B1.

B2.

AABTAH XUECIOD alWBaa HAT 39PTUAH Opoil j Gypuiia XYBbI

d(t,j) < 2 6aitx T MOIBIT rapral aB4 GOIHO. Omoo T* MonmHEL
+J

¢ OpOMH 35DPTHAT d}f, TYYHUI XOPII OPORH 3Py MuilH HEi6s
I ts TYY Y

GONOH d}f XOEPHIH SIITABPHIT af, T3 TOMIBTIIBAI

N(T) < N(T*) = a; (98 — a}) < 49% = 2401
6ok 601070T0 60HOTHOHO.

(b.Bascraman) S ={1,2,3,..., 2011} Toomyymsir 4 eHrmitE aib
HOr3p Oynas. XopsB HOT WXWI GHIOTHH 6GOreem apupmMeTuK
IIPOrPecc YYCramar ai, dg, ..., G, TOOHYYA OJLIIOTTYIA 60

a)n=10

6) n =9 Gaiix 60m0x yy?

Bononr: n =9 6Gaitx Gomuo rax Xapyyirbs

1,8, 17,24, ..., 113,120 Toonyynsr 6omom AT 195D
256k, k =1,7-r mamaxon rapax TOOHYYIBIT S7 OJIOHJOT T'€.

Sg={s+8|8651}

S3={s+128|s€ S}
S4={S+136]8€Sl}

4
UsSi=1{1,2..,2048} 2 8
=1

TyJ 000 S;-T i-p eHreep Gymaxan nax eHrer 9 ypTTait (<)
onpoxryit. Mitmn 10 yprrait (<) MeH ommoxryi. Oepeep
x3116371 MeH n = 10 Gaiix 6ac GomHO.

(B.Bascranan) 100 opoiitoit 6yTon rpad Kip-r opoit 6ypasc
99 eHrmitH mpmoar rapcan Gairxaap 6ymas. Taresm 98 eHrmitr
aryyncann Key manm rpad onmox yy?

Bomont:  Anb 4 enrumitn xyBBIO TyXaitH eHrmAH ats T 2 Hb
epeHxun opoiryit 50 upmsr onmono. Witmn K. 100 — Kg7 Gytoy
33 opoiir apuiraxam mepx 50 EPMATseC XaMrmitH 0110HR00 33
T XacargaHa. OHY Hb fMap 1 OHIWtH XyBbr Kg7—I XaMruiia
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B3.

ueeHnee 17 mpmoar Gaitaa racor yr. Mivm 98 enrersnn Kgry
OJLIOXTYH.

(b.Bascranan) ay,...,a, Hb swnraataii 6yxsn Toonyym 6a M
Hb 50-2aC OJOHTYH 37IeMeHTTIH OYXdJ TOOHYYILIH OJIOHJIIOT.
Toreaa by,b1 + ba,....,b1 + b + ...bgg TOOHYYABIH 8Jb HBH U
M onounoruiiy siteMeHT Omin 6aixaap ai, ..., G100 ONOHIOTUAT
b1, b, ..., bigo roxk 5pombIK GOMOXBIr OaTAI.

Tainbap: Ous GomioOTHIr anmBaa OyXda AaAraaTaid ai,..., 0y
TOOHYYHBIH XYBbI

|M| < [3] yen 2011.12-p capn Yurapbis Maremaruxy Geza |
Kos mmitmxa3. Xapss a; # 0 (i = L,n) 6ox [M| < [%H] rox
calkpyyk 6omox oM. bun sun n = 2k yen Tyyanit 6000ATHID
CHUUpYYIIBe.

Bomont: n =2k 6a |M| = k Gaiir.

1)

2k—1
g1, 2n) = ZSQ"(W) H H (Tr)+Tr(2) Ty —m)
T I=1 meM
OJIOH TUIIYYHTHHI aBY y3be.
2k—1
q(al, ...7a2k) 7é 0 6on H H (a,r(l) +aﬂ-(2) ‘|‘...+aﬂ-(l) —m) 74 0
=1 meM

6afix 7 opiyynra oagox O0IHO.

2) g(zx1,...,Zo) Hb TOMIST COBIIKIIOX OJIOH TUIYYHT Ty Ban-
nepMOHIBIE V (21, ..., Tk ) ONOH MMMIIYYHTUAH KaBTAIT GaliHa
(M.Aigner, A coursein Ennmeration, 2007, p.346 — 347).
Qepeop xanbar q(x1, ..., o) = (—=1)% e - V{(x1, ..., 2ok ). Witmm
cx-# 0 rax GaTiaxaf XaHTaJTTai.

- 3) -¢, #0 roprwiiy Garanraar Geza Kos, On the Grasshoppers

Problem, The Matematical Association of America, Monthly
118, 2011, December, p.877-886 omx y3H3 VY.

Taﬁnﬁa;p:?v Iyyn Toruita Tyxait AjoHEL TEOPEMMUIAT XHPATIIIX
GOIOMXKTYH OJIOH TMIIYYHTUIH 39P3T Hb XOT @HISD Lapax TV
TOMIAT CoemxIeX KocuitH 0j10H TWMIIYYHT 3apUM TOXHOJLEOILL,
yp amurtai Oainar GafHa.
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"Terc Too" TOBUNH TYXAN

Magait opHBI MaTEMATUK GOIOBCPOTILIH XOT KU M3IAT BIXYHI
AMXKMWIT TapT MATEMATHKUAH IYH3IHADYYIICIH CYPrajTTaii
CYyPryyJb, aHTHYA OTHOOP Oalryynarmax Gaiiraar xaprajisan y3ox,
THMHUAT HOTACSH YANPAIATA, VI aXU11araaraap XaHrax
sopuiroop BCUTY S-usr caraaxmira maMxmartairasp Mosronsm
MaremaTux Onummmaners XopooHs! ASPraf MATEMATUKANE OAQim
HaPBIH MIPraRuil 03euutyymsx "Terc Too" Tes Gaitryymaracaap
X919H X1 O6omx OaiHa. Tyc TeB Hb MaTeMaTHKHIH
PYH3TUHADYYJICOH CYPrajaTTail aHrHiH

6arm HapbIH M3PTIKIIMAT CHCTEMTIAT35D APSILIYYIIdK AXKIILIHXAA
XYP93HI OyHI aHruidH Oarmn HapeH nyHa Tyc 6yp 90 narmitn
GarraamxTait, 120000 rerperunita Tenbeprsit I 6a I1 marHsr
mamkaar 12 xoHoroop; 6ara aHruiiH Garm HapsE Ay 60 uarmiia
Garraamxrait, 90000 Terpernitn Tea6epTait cypragror 10
XOHOTOOD XH'I3JIIYY/IK, AaMKAar aMKUATTaH DYYProCoH XYMYYCT
Xapramsax cepruduraT oaroH Tercrenor oM. 2Kui Gypmits
xuavammidr MYWC, xwasamuitn 11T 6aitpasr 308 TooTon: 6 capsis
23-24-un GypTroK, Xuunan 6 capbi 25-aa¢ SXIIH ABATILIAT.
TenGepuitr "Terc To0" TeB nancann xmitx, TonGepuitn Gapumraa
Y3YY1331 GYPTTYYIK GOMHO, 3CBAT 63/IH3D ABIMpPHA.

Fomomr 6amkx, 1102101388,
"Terc To0" TOBUIH mAHC: perucrepuite nyraap 1014366
"Terc T00" ToB
312383 (rap)

JlaBmax yrac: 99879779 (II. Hammopx)
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Problems of the 47th Mongolian Mathematical Olympiad

9th grade

9.1. Denote midpoints of the sides BC, CA, AB of triangle ABC by A;, B, Cy respectively. Points 4, and
Ay lie on the midtine B, (), points A, and 45 lie on the midline B, C;, points A, and A lie on the midline
B, C; and satisfy

AA; = Ad; = BBy = BB; = ((; = CC3,
Prove that all these points 4,, A3, B, By, Cy, C3 lie on a circle.

proposed by B. Battsengel

9.2. Given square lattice of size 2011 X 2011. One marks some points of this lattice and any 4 marked
points do not form isosceles trapezoid with bases parallel to a lattice side (a rectangle is also counted as
isosceles trapezoid). Find with proof the maximum number of marked points.

proposed by Ts.Gerelt
9.3. Let a, b, ¢ be the side lengths of a triangle. Prove that
at bt —
Trotot abc 2 o/ 2(a? + b?)(b? + 2)(c% + a?).
proposed by E.Enkhzaya

9.4. Prove that for each positive integer n the equation x? +y? + z% = 2011" has positive integer
solutions (x, y, z).

proposed by B.Ganbat

9.5. Given a triangle ABC with obtuse angle £BAC. Point D lies on the side BC and satisfies AD = BD
and £CAD =90°. Let M,N be the midpoints of sides AB, AC and the line passing through point D
parallel to side AB intersects segment MN at point E. Prove that ZACE = £BCM.

proposed by B.Luvsanbyamba

9.6. Given a sequence {a,} of positive integers satisfying a,,; = a, + [,/ a,| for all n 2 1 (here [x] is
integer part of real number x). Prove that sequence has infinitely many perfect square terms.

Jolklore
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Solutions of the problems

9.1.Let A, B',C" be the foots of heights and H be orthocenter of triangle ABC. By angle-chasing we show
that AHAB'~AHBA', hence we have HA-HA =HB-HB'

4 Similarly, we have HA+ HA = HC - HC'. (Note that these relations
also can be obtained by using intersecting chord theorem o nine
c \ point-circle). Denote the midpoint of height 44" by D (figure).
A ; — 4, Since HA=AD+HD andHA = AD T HD, we have HA- HA' =
b AD* — D%, By Pythagoras theorem one has DA = 44, -
H AD? = HA,* — HD?, hence
B4 c HAy® = 44," ~ (AD? ~ HD?) = 44,% ~ HA - HA..

Writing similar relations for other points A3,By, B3, 05, Cy, one
shows that all these points lie on the circle centered at point H.

9.2. Answer: 5026 points. Suppose that given lattice points (x, y) with integer coordinates x,y such that
1<%,y <2011 and let M be the set marked points. Consider the set of pairwise sums of x-coordinates
Sie = {2y + 2,0 (21, k) € M, (x, k) € M and Xy # X3}

of marked points with fixed y-coordinate k. Note that, four lattice points (xg, k), (xz, k), (x3, k), (x4, k')
form isosceles trapezoid if and only if Xy +x3 = x3 + x4. So if there are no 4 marked points forming
isosceles trapezoid, then the sets S, (1< k < 2011) are all disjoint. Suppose that we have integers
% <+ <Xy, then one can construct at least 2n — 3 number of distinct pairwise sums between them
namely:

XpH Xy <xptay <xp by <xptay < o <pez +Xpog <Xy Xy < Xyoq + Xy,
Thus if there are ny, marked points with given y-coordinate k, then one has |S,| = 2n;, — 3. On the other
hand, all the sets 5, (1 < k < 2011) are subsets of the set {3,4,5, -, 4020, 4021}. Hence

2011 2011 2011 2011
4019 = [{3,4,5, -, 4020,4021}| > U Sil= Z i) > Z (I, -3 =2 Z ng, — 6033
k=1 k=1 k=1 k=1

and from this we get upper bound |M] = 321! n, < ﬂ?ﬁ = 5026 for

the number of marked points. An example of 5026 marked points are
constructed as follows (see figure):

(nn+1) 1<n <2010
(n+1n) 1<n <2010
(2n-1,2n-1) 1<n<1006

—

9.3. The condition a,b,c > 0 was enough to prove this inequality. After squaring both sides of given
inequality multiply both sides by a2b2¢?. Then the inequality transforms to the form

Z altc? 4+ ZZ a’b?c3 + ZZ ahsc > ZZ abhtc? + ZZ a®hict + 3a*hict,

Here all summations are cyclic. By AM-GM inequality, we have a’h?c3 +a’b%c® + a*h?cé »
3ahZc* and a®hSc +a®hSc + abh2c* > 30842, Thus 28a7h% + Fa*hic® > 3Y abb%c* and
2% a%%c + 3 abh%ct > 3 abbtc?. Since the summations are cyclic, we have ¥ a*b?c® = ¥ abp*c?
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So summing the fast 2 inequality we obtain 2% a’b%c3 + 2% a%h%c 2 2¥ abbict + 2T abbhic?.
Summing it with the trivial AM-GM inequality §, a'%% > 3a’b*c* we get desired one. The inequality
becomes an equality if and only ifa = b = c.

9.4. Note that the equation x° +y% + 22 = 2011 has positive integer solution (x,y,2) = (9,9,43).
Hence one easily finds solution
(1,y,2) = (9-20117,9 - 2011™ 43 - 2011™)

of equation x* + y2 + 2% = 2011 for odd n = 2m + 1. By writing (2x% + z%)% = (2x%)? + (2x2)* +
(2%)?, one finds the solution (x,y,2) = (2+9%,2+9-43,43%) = (162,774, 1849) of equation x% +
y? + 7% = 20112, This gives solution

(x,y,2) = (162-2011™,774 - 2011™, 1849 - 2011™)
of equation x% + y? + 2% = 2011” foreven n = 2m + 2.

9.5. By assumption MBDE is a parallelogram, hence DE = BM = MA and AMDE is a parallelogram toq.
Since AD = BD and M is midpoint of AB, we have DM L AB, thus AMDE is a rectangle. Hence
LEAN = 90° ~ LEAD = £tMAD = LMBD. Let L
be a midpoint of side BC (figure). Since LANFE =

LBLM and £EAN = ¢MBL, triangles EAN,MBL

re similar. Hen L or L because
are similar. Hence o7 =2 or o0 ==

AN=CN and BL=CL. Since MNCL 15 a
parallelogram £MNC = (MLC, now 2ENC =

£MLC and % =% implies triangles ECN, MCL
are similar. Hence ¢ACE = £NCE = £LCM = £BCM.

9.6. We will prove that, for any N there exists an index n > N such that the term a,, is perfect square. Let
ay=m?+k with 0 <k < 2m. If k <m, then we have ay,, =m® + (m+k) and ay,; =m? +
(@m +k) = (m+ 1)? + (k ~ 1). By repeating this calculations, we will get
g = (M 422+ (k= 2), aypgey = M+ k — 1) + Layy = (m+k)?,

thus the term ay.,y; is perfect square. If k >m, then ayy; =m? + (m+k) = (m+ )2 + ¥ with
K =k=-m-1<m+1. By the same calculations as in the previous case, we get

ayp3 = M+ 22 + (K = 1), aygppay = MAEY + L agagpss = (m+k + 17
thus the term a5, ,; is desired perfect square.

10th grade

10.1 Let [; be the line which connects the tangency points other than in side AB of the excircle of
convex quadrilateral ABCD. I, l; and 14 are the fines similarly determined by the excircles of BC, CD and
DA rrespectively. ety nly = P,I; Nl = S,1; N3 = Rand I3 n [, = Q. Prove that the line PR goes
through the midpoint of BD. (U, Batzorig)
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Solution:

Since BBy D; D a trapeze, then

BBy+DD, _ BEcos()+FDcos@)  ppipp BT +T1A+AD BA+AD __[a
KM =200 2B cos(§)=————-—~1 : s(i)= 005(")

2 2 T 2 2 2 2/

BBp+DD; _ BMcos (%)+DNcos (%) _ BM+DN s (p_)
- 2 T2 2

Similarly, BB, D, D is also a trapeze, so ML =

BA+AT,+13D (E) _ BA+AD (2)
2 COos 2] 53 cos 2

iad) ().

KM
Hence we can see that — = 7]
= )

The bisector of the angle a is perpendicular to both lines SP and RQ, hence we see SP//RQ. Similarly,

since SR//PQ, the quadrilateral PQRS turns out to be a parallelogram.

Let d; be the distance between PS and RQ, After some computation we find
BT +BC+CTy+T3D+DA+AT] @ _ AB+BCHCD4DA  a
dy = ; coss = : s3

Let d, be the distance between the lines SR and PQ. Also we find

ATy +AB+BT4+T;D+DC+CT, B+BC+CD+D. —_
dy = Z_MZL& costzi = 14-—-—-—-—-Jz-'---—'lcos g- These two equalities give us
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COS(E
4. —%; ().

d: CO&(.:

d;

From (1) and (2} it is easily seen that o= % which in turn means that point M lies on PR.
z

10.2 Let x,y and 2 be positive real numbers such that 5 - min{x, v, z} = x + y + z. Prove that
: B ! . (E. Enkhzaya)

Elay et T4z dt  lr) T (ovyzean)?

Solution: Let us assume min{x,y, z} = x without Iosmg the generality. ThenSx 2 x+y+z =

r>l~5 =7"x+—~—>y+7>——(y+z)> 'lvz»('

:) = yz < 2x +xy+xz. We can

write the last inequality as (y* + yz + 28) < (x® +x2 + 29) + (3 +xy +22). (%)

Let us draw the following figure

a? =y byt

ftiseasytoseethat {p? = x? 4+ xz + ¢ and max{a,b,c} = a. From (*) it follows that a® < b% +
7 2 “
c? = x? by +

2 . ) ) i
c* which means that the triangle in the figure is an acute one. We can see that § = Xz3sin 120° +

+xw, sin 120° +y2 sin120° = —i Xy + ¥z b 2x}.eaving for us adequate to show + +¢4 =

s (x+) Itis true that there exists a triangle with the sides a®, b%, c? because a® < b% + ¢2. Let
- ’fa =B+ ; 1 )

A,B,C be positive real numbers such that (Z = 2:; Then (**) & skl + wiar =

4mm - This last inequality was presented in the national Olympiad of Iran in 1996.

10.3 From three real number {g,b,c} we can get another three numbers either (a+b,c-a,2a), or
(4a+2b+c,2b+c, 40+2b+3c). Can we get (47,-1549,2011) from {1,-2,1) applying these two operations
adequately many times. (Ts. Gerelt)
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Solution: Let A be the first type of operation and B be the second type of operation. Since both these
operations shall make integer from integer, the 2a after the first type of operation shall always be an
even integer. So in order to get 2011 we should apply the second operation finally. However, as
{4a+2b+c)-(2b+cj=4a=0({mod 4), which contradicts to 47-1549% Ofmod 4). So we cannot get (47,-
1549,2011).

10.4 Let O be the circumcenter of triangle ABC. A line perpendicular to BC through 8 meets the
midperpendicular AB at P, and a line perpendicular to BC through C meets the midperpendicular of AC
at Q. If Oy is the circumcenter of 0PQ prove that 40,40 = 90°. (M. Batbileg)

Solution:

Let 44CB =y and £ABC = B. Itis easy to see that S40C = 28, 4A0B = 2y, and 0A = 0B = OC.
Since 0Q is the altitude of an isosceles triangle, then it is also its bisector, From this we conclude
4Q0A = f and similarly £POA = y. 04is the circumcenter of PQO, so we can see 4Q0,P = 24Q0P =

W+ ®

4QCA = 4QCB ~ 4ACB = 90° ~ y. This means Q0 = 4004 = y and similarly AP0 = 3.
Suppose x € [04),and A € [X0]. Then itis clear that £QAX = § +y = ZXAP, that is 0AP =
2y+p) ()

From {*) and (**) we conclude that Q, 4, 0; and P belong to a circle.

Let ¥ be a point such that ¥ € [PA) and A € [PY]. Then 4QAX = 4XAP = 50AY  (*++).0n the
other hand tHe points Q, A, O, and P lie in same circle from which follows Therefore 40.AY = 40,QP
and £0A0; = 40;PQ. And Q0;=0,P means that 4QA0; = 40, AY thatis 0,4 is a bisector of triangle
4QAY. Considering (***) we now conclude £0; A0 = 90°. as desired.

10.5 Find all functions f: R - R such that forany x,y € R, the equality ff@+f)=2x+
f () takes place. (U. Batzorig)
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x=y=0 = f(3f(0)=f(0)
x=y = f(3f(x)=f®)

Solution: (1

Let substitute x with 3£ (x) then f (3f(3f(x))) =6f(x) + f3f(x)) = 6f(x) + 2x + f(x) =
7f(x)+2x, and fBf(2x + f()) = f(6x +3f @) =7f() +2x  (2)

i we substitutes x = 0in (2}, we see £(3£(0)) = 77(0) V(@) = f@) =0,

If x=0.then f(f3)) =f) ().

Note f (f(2f(x)) + f(y)) = f(Zx + f(y)), if we apply {3} here, we obtain 2f (x) + f(y) =
f(Zx+f()) (4). From(3)wecanshowthat2f (x) + f(y) = 2f(x)=2x = f(x)==x.
10.6 Prove that for any I € N there exists n € N such that n* + 47 = 0(mod 2'). (T. Baasanjav)
Solution: Let us prove the claim by induction

If [ =1,itisobvious that 11 + 47 = 0 (21)

Assume if [ = k, and the claim is true. Now let us show that it is also true for [ = k + 1. Denote the
number which satisfies the claim when ! = k by n;.

We should show that when ny™ + 47 = O(mod 2') and ny™ % O(mod 2*1), thatis n;,™ + 47 =
2(2s+ 1) foracertains € N

(ny + 26947 147 = (n +2) +47 S ™ b1k 447 2 225 + 1) 42k =
225 + 1+ ny™) = 0(mod 2¥*1). It gives us the number ny + 2% which satisfies our claim.

11th grade

11.1 Convex quadrilateral ABCD is inscribed in a circle and circumscribed by another circle. Let / be the
incenter of ABCD and let X,R,Z and T be the incenters of triangles ABI, BC/, CDI and DA/ respectively.
Prove that XZ 1 RT.{G. Batzaya, U. Batzorig)

Solution:

temma 1. If AB N CD = P and BC n AD = Q for inscribed quadrilateral ABCD, then the internal
bisectors of the angles at vertices P and / are perpendicular to each other.
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Let the bisector of angle P meet the circle at points X, and R and the bisector of angle Q@ at Zand T. Then
we add equations AX -BR=DX-CRandAZ ~DR = BZ - CTto obtain AX +AZ + CR+CT =
DX+BZ+ER+DT = XZ+RT= ﬁ+2—§thatistheproof.

Lemma 2. Let ] be the incenter of triangle XYZ (tangent to YZ). Then the incenter of ZIY fies on the
bisector of 4YXZ.

Let us denote as w(XYZ) N XI = T. Now we will prove that is the incenter of ZIY. For this purpose itis
sufficient to prove that TZ = T 41ZT = #IZY + 8YZT = A1ZX + 4YXZ = 812X + 41XZ =
4ZIT . The proof for the excircle is similar.

Now we continue with our problem. According to lemma 2 the-incenter of IBC, IAD lies on the bisector
of angle P. Similarly the incenter of IAB and ICD lie on the bisector of angle Q. Hence by lemma 1, our
statement follows.

11.2 2n% + 2n cells of 2n + 1 X 2n + 1 table were colored in red. At least how many moves should the
castle make in order to visit all red-cells when it is located in any of the cells? The castle can move only
to one of the neighboring cells horizontally or vertically. {Ts. Gerelt}

Solution: Let us color (2n% + 2n) cells in a following way.



A castle shall go through at least one white celf in order to get to from cne red celi to another red cell.
Hence, in order to go through all red cells, the castle should make at least 2{2n" + 2n —_1) =4n’ +
4n - 2.

M4’ +4n-2

Now we will prove that for any arrangement of colorings, the castle can visit all the red cells making
4n? + 4n ~ 2 moves.

Any arrangements other than shown above will have some two neighboring white cells. so for the above
shown arrangement, the castle will move the following way

Now let us prove the statement, when we have two neighboring white cells. We wilf show that the
castle can visit all red cells, without going through the two white cells. Without loss of generality we can
conclude that such two white cells will be focated in the way as shown below. In such a case, the castle
will move from A to B as shown in the figure below.

: f
even
B B
} odd
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(PS: In case when the 2 cells are in an edge, that is coinciding with either of A and B, we should change
its one of neighboring cells as A or 8)

11.3 Let ay, ..., a, be positive rational numbers such that @™+ +a,™ € NforVm € N. Prove that
ay, ..., a, € N.(G. Batzaya)

Solution: Letg; = %, WHEZ (nt)=1 i=TnandS, =™+ +a,™, meEN.

Assume contrary as t; ...t, > 1. Then we can take as pit, ..t,, p € P, ordy(t) =l ==l 2
bz 2 b

letusdenoteas M = [ty, ..t,] = p"'N, (p,N) =1 andT,, = (a,p"N)™ + -+ (a,p" N)™

Hencep™|T,, = m=¢(p))=p/ -p/i~L Thenfor 1<7 < jwe have (g, p"N)™ =
(@ P N)*®) = 1(mod p/) and for r > Jjwe havepla,piN and p 22, j = 1. Hence follows
m=p/ ~p/2j = (@piNy"=0(medp)) = T, =S =) 2

0 (mod p/) that is a contradiction

114 Findall f: R - Rsuchthat f(f(x)? + f)) =xf(x) +y (1) foranyreal x,y
(B. Luvsanbyamba)

Solution: We substitute x = 0in (1) and get f(f(0)? + f(y)) = y which means that f can take any
real value (surjective).

Iff(a) = f(b) then a = £(f(0) + f(a)) = F(f(0)? + (b)) = b which means f is injective. So
follows f is bijective.

Let ¢ be the value for which f(£) = 0.

Substituting x = y = tin (1) gives f(0) = ¢

x=y=0in(l)gives f(t?+t) =0

Since f(t2 +£) = f(t) and fis injective, then t? + t = t = ¢t = 0,

Thenx = 0in (1) gives f(f()) =y (2

y = 0in (1) gives f(f(x)*) = xf (x) @3)

Substituting x - f(x) in {3) we get f(F(f(x))?) = fF(x)f (f(x)) and from applying (2) follows
f(x?) = xf (x). Since f is bijective it means f(x?) = x2

Assume that there exist a,b € R \ {0} such that f(a) = a and f(b) = —b. Substituting x = g, y=bhin
(1) we get f(a® — b) = a® + b which contradicts to f(x?) = x? ~ ¥. Hence the first solution is



f(x) = xand the second solution is flx)=-x

11.5 Find all n € N such that there exist some permutation {(ay, ..., a,,) of {0,1, ..,n — 1} with the
property that the residues of the numbers a4, a4y, ..., @145 ... @, modulo n are all different. (G.
Batzaya)

Solution: Let n > 4, @, = 0is obvious (Because if @, = 0,k <nthenay ..ay = ay .. Qpqq E

0 (mod n)}. Now we consider that n is not prime. Since n > 4 it follows that (n — 1)! = aya; .. @1 =
0 (mod n). (Becauseif n=pq, 1 <p < q<n, thenn=pg|(n— 1), and fn = p® thenp > 2and
since2p Sn—1thenn=p%(n=1) = (n—1)=0(modn).)

So we conclude that n = p is prime number. Now we will arrange a permutation (ay, ..., @,) which
fulfills the condition. We know that (k — 1)x = k{mod p) has a unique solution since (k — 1,p) =
1whena, =1, p> k> 1.letusdenote thesolution by ay. Thatisay = 1, 1<k: (k—1)a, =
k(mod p) {*). Now we will show that all a; are different When 1 < k itis obvious that a; # a;. if
2<k<l<p-1, ap =a; =atheng(l - Dk = alki ~ k) = kl(mod p) and ay, (k ~ DI = a(kl -
D) = ki(mod p) whichmeansa(k - 1) = o(modp) = k=1

Answeris:n =1,(a;) = (0); n=4, (ay,a5 a3 0a4) = (13.2,0).

11.6 Aline meets the segments AB and AC of triangle ABC at M and N, and the line BC at P respectively.
Let x,y,z and T be the midpoints of the segments NM, MB, BC and CN respectively. Prove that
orthocenters of triangles AMN, AYT, PBM and PXZ are collinear. (E. Enkhzaya)

Solution: Lemma: Let ABCD be a inscribed quadrilateral and let x,y and z be the points symmetric to D in
respect of the lines AB, BC and CA. x,y,z and the orthocenter of ABC are colfinear, This fine is called
Steiner line of P with respect to ABC.

Solution: Letdenote DXNAB =X, DYNBC =Y, DZnCA=2Z. x,y andZ lieonthe Simson’s
line of 4ABC =5 x, y, and z are collinear. Let us denote ZABC = b, £BAC =a, ¢BCA=cand
DHNI(X'Y'Z') = H . Our aim is to show DH' = HH'. fSZ'DX' = SZ'X'H = DH = HH'

Denote ZCBD = a. Let us make some computations as follow:

252 DX’ =DZ' DX -sincZ DX = DB sina - DB -sin(b — &)  sinb



252X H=252XB-2 SHBX ~2+SHBZ
=BX - BZ sinb-BHBX -sin(90 — a) - BH - BZ' - sin(90 - ¢)
= BD - cos(b — a)-BD - cosa - sinb — BH - BD - cos(b — a) - sin(90 ~a) — BH - BD
~cosa - sin{90 ~¢) =

BH _sinif90 - b)

AB sinif BH sini(90 - b Sinf(90 — b

AB sxm@+a :——:,—E?————)-BH=BD'#
AB _ sinc BD  sinifn +a) sinifn + a)
BD ~ sinffa + @)

cosb - cos(b—x) - cosa , cosb-cosccosa

2-SZ'HX = BD?- - a)- inb ~ BD? -
BD* - cos(b — a) - cosasinb sin(@+%) sin(a+e)
2-52'HX = BD? - sin « sin(b~) sinb =

cosb - cosa + cos(b—) + cosb + cosc - cos x
sin(a+)

sin «- sin(b—«) - sinb = cos(b~&) - cos « - sinh —

A

cosh(c b—) + cosc - cos %
sinb (cos(b—) cos « —sin(b—) sin ) = gsb(cosacon(bo) -

sin{a+«)

cosb(cosa cos(b—) + cosc - cos «
sin(a+x)

sinb cosb =

it is sufficient to show sinb sin(a+«) = cosa - cos(b—) + cosc * cos « .
Again let us make some computations.
2 - sinb + sin(a+x) = cos(b —~ a~x) - cos{a + b+&)
2+ cosa - cos(b-«) + 2 cosc cos = cos(a + b—) + cos{a+x —b) + cos(c+x) + cos(c—x) =

cos(a + b-«) + cos(b — a—x) + (= cos{a + b—~«)) + (= cos(a + b+x) = cbs(b - -}~
cos{a + b+«) = 2 cosh - sin(a+x), Lemma is proved.
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w(ABC)Nw(PCM) = {C; D}

LACD = £ABD
2ACD = £NCD} = LABD = ¢NPD = MDPB is an inscribed quadrilateral. Similarly MNAD is also
ZNCD = £NPD
an inscribed quadrilateral. ZNDM = «(NAM = £CAB4CDB
£NDM = £CDB DM _MN MX (MN=2MX
“DNM = 2pcp) = ANDM ~ 40DB = == (e T 007
MD MX
BD ~ BZ }=> 4XDM ~ 4ZBD => £XDM = (ZDB =» £XDC = £tMDB
LXMD = £ZBD

(MDB = (MPB = £XPZ = (XPZ = £XDZ = ZXDP isinscribed and similarly TADY is also
inscribed.

LetE, F, G, H, | and J be the bases of the perpendicutar lines through D to AC, XZ, AB, NP, TY and CP.
Since I(E, G, H), I(E, G, 1), I(E,H,]) and [(F H,]} are the Steiner lines of 4AMN, 4TAY, ANPC

and 4XZP respectively. Hence it follows that the orhtocenters of the given triangles belong to line
I(E,F,G.H, L))

Secondary school teachers

T1-1 Each cell of 2011 x 2011 table is filled with an integer so that each row and column has at most 47
different numbers. How many different numbers can be in the table? (U. Batzorig)

Solution: If we paint the cells shaded on the figure with 46 different colors, it will total 2011 - 46 colors.

XXX T

And we paint with another color different from them, there will be totally 2011 - 46 + 1 colors. if there
are 2011 - 46 + 2 colors then by the pigeonhole principle there are two rows which contain 47 different
colors respectively. Since the cells (not in these two rows) contain at most 45 different colors, there will
be not more than 45 different colors. And 2011+ 45 + 47 - 2 < 2011+ 46 + 2 would mean a
contradiction.

T1-2 {a;} and {b;} are an arithmetic and geometric progression with a; = by a, = by and a;q = bs.
Find the number j for which bg; = g;. (D. Ganzorig)



Solution: @; +9d = ag? = q=8 a;(g-1)=d; a;(g-1){g+1) =a,(g* - 1) =9d.
ag=a+a@®-D=a+a@-DEP+ ) ag-D=d = j=q®+q"+
-+ g + 11is the number of the term we desired.

T1-3 Each pair of 24 cities in a circle will be connected with a road. {Any such road will be constructed by
one of 24 selected companies) It is possible to have a planning so that for any company there are some
three cities whose three roads will be constructed by that company? {Ch. Gantimur)

Solution: We will prove that it is not possible to paint 2n points in a circle with n different colors so that
for any three colors there will be a triangle of which the sides are painted with the three colors. In the
contrary, let us assume such painting is possible. We denote the number of edges of a same color, say

red as k. Then the number of triangles with at least one red side will not be less than (an_ 1).

2
From the fact that any red edge can be a side of 2n — 2 triangles, we conclude that k > %ﬁfﬁz =

(Z'Z_Uﬂ. it follows that k 2 n and the number of the edges of each color will be ( ) ) and
(@n-2} 2n

( 2 ) > 2nk, 2nk = 2n?. However, since ( 2 ) = Mandm >t & 2n—-122n
2n 2n 2 2

that is contradiction.
T1-4 Prove that there is a number which ends with 47 and is divided by 2011. (B. Bayarjargal)

Solution: If one of the 2011 numbers such as 47,4747,474747, ....,4747 ...47 is divided by 2011 we
have the proof. If none of the numbers is divisible by 2011 then by the pigeonhole principle, there will
be two numbers equal by modulo 2011. AS (10,2011) = 1, the difference of the two numbers is
divisible by 2011.

T1-5 Horse A runs a circle for a 1 minute, while horse B runs 3.47 circle and horse Cruns 1 < N < 3.47
circle. The race is finished when the three horses are at a same point (it can be other than the starting
point). If the horses outran each other 47 times (the start and ends are not included) then find the
number of different value of N. (D.Ganzorig}

Solution: In comparison with horse A, entire circles were made by horse B and horse C.

Assume that horse B and C made n and m respectively in comparison with the horse A. In comparison
with the horse A, horse B runs 3.47-1=2.47 and so he completed the race in n/2.47 minutes, Similarly
horse C completed the race in m/(n - 1) minutes.

% = Lm: = L= 2.47% + 1. A bijection was set between L and ';':— It should be that (m,n) =k,

then they should have gone %, %circles when they first meet horse A respectively. Horse B made

n —m circles in comparison with horse C  and outran him n ~m — 1 times. Similarly horse B outran
horse An — 1 times and horse C outran horse Am — 1 times. Therefore 47 = (n—-1)+(m-1) +
(n-m-1)=2n-3 = n=25 Sincem<nand (mn)=1,thenp(25)=20=m.
{D.Ganzorig)



T1-6 Find all naturat solutions of x¥* = y*.(D. Batnasan)

2 P
Solution: x = y*/7’ . Let us assumeyi2 = 5 (kD) = 1.Thenx = yk/t, (y*/1)" = " ylyiit =

»' o

k L3
7 1

=

2 Q.

Ify=1thenx=1. Orify>1then(1)=:>%y2=y %

=y
Case 1: ifk — 20 2 Othen (2) = % €Z = I=1. Inother words:
x=y b=y (3); y*222825k (k>5 = (3)wilbetrueonlywhenk > 5. So

k=4y=2x=16; k=3, y=3, x=27.

k
Case 2:ifk-21<0. 2) = é:yz"l', 2 —%> 0 = k=1ly=zx} P P
I = 12221 willnot be true when'l 2 2. So the solutions are: {(1,1); (16,2); (27,5)}.

T2-1my, 13,13, .. is a sequence of positive integers with the property my,; > M,,. Show that itis the
sequence 1,2,3,4, ... {D. Batnasan)

Solution: If ny is an increasing sequence, then ny ;> Ty, Will ensure k + 1 > ny, while just positive
integers will ensure iy, 2 k.t meansny, = k.

Now it is sufficient to see monotonicity. Indeed term of the form ny,1 has a term, namely Ny, smatler
than it. This means ny is strictly smaller than all the other terms.

This fact about n; can be extended. Namely, the new sequence n, ~ 1,13 — 1,1, — 1,... has exactly
the same properties as the original one. The terms are positive integers since, again nyq >y, 2 1
Also By, 141 = 1 < Mggynyer =~ 1 since this simply says that .5 > Tin,,,- Thus, ny — Listhe
unique smallest of these, which is to say n, is smaller than ng, ny, ...

Repeating this argument does indeed give the full monotonicity property that we required, and the
proof is complete.

T2-2  Find a point D on the side BC, for which sum of the areas of the inscribed circles of ABD and ACD,
reaches maximum value. (R. Enkhbat)

Solution: Let denote inscribed circles of ABC, ABM,AMC as w = C(I, r), 0 = C(l;, 1), w3 = C(ly, 1)
respectively and the area of triangle ABC by S, the height from the vertex A by h.

Lemma. pr® + aryry = pr(r, +13).
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Proof. BC Nwy =X, BCNw, =Y,AMNnw; = U, AM N w, = V. Without loss of generality b > c.

letdenote BX =m, CY =n.ThenUV =b~c+m-n, tan'-g--—r—-—— tanl="-=2 Xy =
p~b 2 p-c n

a-m-n
UV2 4 (1 +1)2 = L2 = XY2 + (r, = 1) = UVE +4nry =XY? & [(b~c)+ (m-n)}* +
ann=@-m+n)) @ 2am+n)+20b-c)m-n)+4nn=a?~-b-c+4mn =
p-m+@-bn+nr,=@=-b)p-c)+mn = (p—c)g::—)ﬁ+(p—b)£'::)ﬂ+
nn=@-hp-0+ TN = G- h)p- ) -n)r-n) =rnn G- a@-
Dp-c)=prt = plr-n)r-n)=p-ann = pri+ann =prin+n).QED

FQr,ry) =n? +n? usinglemma 6 (ry, 1) =1 + 73 — —;2 =r = const.

Let consider H(ry,ry) = F(ry, 1) — AG{ry, 1)

aH 2r:

2=am-a(1-2)=0

ary h 1 _ k-2 2 2
A==t @ hMn-n)=20nf-nf) =

oH - _in\ _ rg h=2r

o=n A(1-2)=0 2 !

n=r o 2(n+n)=h

fr=r, r,=0thenFy = F(r,m) =2 +n’=

2
if 2(ry +1,) = h then the lemma impliesh?— nm=rhand K, = Finn) =n2+ni=(n+
2 g, = () =
) =2 = ( rh) =rh T
F>F o -t e ( ~-E)2>0
002 4 U

2 _,/ |
ifry; = 13 by the lemma we have 2ry — Z%— =rn= LLZ-ET-"- Fi=F(@un)=2nt=2nh-rh=

- hh? —rh —rh.

Fo<Fh, & ri<ht- h\/h2~rh rh & Wh-rth<hi-rl-rh & 0<
2l +2rh-h?) & 0< +———-—- « (b+c)2<(a\/®2 b+c<avZ

a?
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Thus, in case of b + ¢ < avZ 712 + 1% our sum gets its maximum value iff 7, = 7, and in other cases it
gets the maximum value iff 1y =0or 7, =0,

T2-3 Alf vertices of polyhedron with triangle faces, are painted with red, blue and black colors. Prove
that number of faces with differently colored vertices is even. (G, Batsaya)

Solution:

Let label each face with same orientation. Let denote the set of faces of polyhedron by § and the face
with vertices x, y, z by {x,y,z}. For the face a = {,, z}consider function T, = (x = y)* + (y —2)* +
(z ~ x)°. We can map each coloring as points {vertices) labeled by ~1,0and 1. Thenweget T, =

{i6, x,y.2} = {(-1,0,1}
0 Jxyzi<2 Q)]

Each edge yz is counted twice and it gives (y ~ 2)° + (z — ¥)° for the sum T,¢5 T,. Therefore we get
LoesTa = 0. From (*) follows 0 = ¥, ¢ T3 16. The proof is complete

T2-4 Find all natural n satisfying nj9™~! + 3°~1 + 1. (G. Batzaya)

Solution: n = 1is obvious. Suppose 1 < pyp; ...p;. Let denote d = ordz(n ~ 1) = 0. Then

Vo py |33 — 1, |37t — 1 implies py[3GE-DPY — 1, if ordy(p; ~ 1) < d then, (3(n ~
1,p; - D)n — Limplies p;|3"~! — 1, therefore we get 320"~1 4 371 4 1 = 3 = 0(mod p;),
consequently it implies p; = 3, which is contradiction. The case ord;(p; — 1) > d also leads
contradiction: n = py ...py = 1(mod 39+1) implies d = ord;(n — 1) > d.

T2-5 For any permutation of the set {1,2,...n}, if consequent elements x, y satisfies x < y we say this
pair as “order decreasing”. Find a number all permutations, which has exactly 2 “order increasing” pair.
(U. Batzorig)

#”

Solution: Let denote our number by A, and the number of permutations exactly one “order increasing
pair by B,,.
v
There is an unique permutation not containing “order increasing” pair.
Permutations counted to A, haveaform{...,x,y,..,2t,..},x <y,z <t. (Herecanbe y = z.

We can add n + 1 before these pairs, or between x and y, or between z and t.
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Permutations counted to B, have a form {...,x,¥, ...}, x <y.

We can add n + 1 before these pairs, or between x and y, or between z and t. Likewise we can add
n + 1 before or between x and y.

Therefore we get 4,41 = 34, + (n — 1)B, . We can do same technique to B, and get B,., = 2B, +n
.Itis obvious 4, = O and B; = 0. Therefore we get B,,; = 2" — (n + 1). Hence, 4,4 = 34, +
(n=1(2" - (n+ 1) =34, + (n~1)2" ~ (n? ~ 1), Calculating this recurrence we get A, = 3" —

(n+ 12" + 222,

T2-6 Prove that the equation x> + y° + 2% +t° = 2011 has infinitely many integer solutions (x, y,z, t).

proposed by B.Battsengel

Solution: The given equation has solution (x,y,2,t) = (13,-5,-5,4). Now we look for solutions of
kind (x,y,zt) = (13+a,-5—a,—5—b,4 + b) with some integer q,b. Substituting this into the
equation we get b% + 9b = 8x? + 144x or (2b + 9)* — 2 (4a + 36)? = 9% ~ 2- 362, So we need to
prove that the equation u? ~ 2+ v = 92 ~ 2- 362 has infinitely many solutions such that v is divisible
by 4. By the theory of Pell equations this equation has infinitely many number of solutions and the
solutions (u, v) such that 4|v is exhausted by
ut+ w2 =(9+36V2)(17 + 12v2)", neL
For example, solution (u, v) = (1017,720) gives us (g, b) = (171,504) and the solution (x, y,z,t) =
(184, -176,-509, 508) of given equation.
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Mongolian IMO team selection tests
Test 1. (2011, May 19} G. BATZAYA

TST1.1. Points P, Q and X are chosen on the arcs AB, BT, CA of the circumcircle w of triangle ABC
respectively. Let P" and @’ be points on the half-lines [PX) and [QX) such that PB + PA = PP’ and
QB + QC = QQ'. Suppose that the circumcircle of triangle XP'Q’ meets w at point R. Prove that Ris a
constant point that doesn’t depend on the location of X on arc CA.

Solution:
AXPR = AXQR
. ; PR _ PP _ PA+PB _
=> APRP ~AQRQ => i Ty ver const
AXPR = AXQR
Now it is sufficient for us to prove that Z—ﬁ = % for the points R and R’ of arc PQ
Since g% = g’;— and APRQ = APR'Q => APRQ~APR'Q =>R =R’

TST1.2. Find all natural pairwise prime pairs (a,n) such that a®® — tj2n(e®®-1)-1 4 q,

Solution: If we denote as 1 < a?™) — 1 = m then it gives us n|m
Since ((2,n) = 1 => a®™ = 1(n)), and m|2™ = + 1 means m is odd, let us denote ord, (nm — 1)
22(nm-1) = 1@)

asd 2 0. Then for ¥V pim , takes p!ace{ 2 = 1(p)

, that is 28mn-12-1) = 1 (mod p)

In other words If ord,m -1y = @ 2 @ + 1, that is also a contradiction. Hence it gives
?Ml=1<=>a=2¢0Mm=1<=>a=2 n=1lor2 => (an) =21



TST1.3. Let Iy, I, and Ig be the bisectors of the internal angles at vertices 4, C, and E, and Gp, Gp and
Gy be the bisectors of the exterior angles at vertices B, D, and F, respectively of conves hexagon
ABCDEF. If the lines I, Gp, G and the lines l¢, Gy, Gp , and I, Gp, G are concurrent respectively
prove that the lines AD, BE, and-CF also concurrent.

Solution: Let us assume the lines Gg, Gp and G meet at points X, Y, and Z respectively. {See the
notation in figure).

Since Ly, G, Gy are concurrent, we conclude that the distances from X to AF, AB are equal.
Let us denote this distance by 2y { Qy and (1 are similarly determined).
We will show the statement by proving the equivalent statement

sin FBE sin £BDA sin /_DFC

9 sin 2DBE sin £FDA sin £BF| C

We see that

sin£FBE _ DEsin(180 — (y; +¥)) _ sin(y; - y) sinily; +y)
sin<DBE _ FE sin(180 — (8, + £)) ~ sin(B, — B) sin®B; + B)

Making similar computations gives us

sin(yy — y)sinyy +y) _ sin(y,) —sinfily) _ sin’(r1) — 7’ = (95 2
sin(B — B) siniB; + B) ~ sin?(B;) - sinzim) sin?(B,) — (Dzz)z FZ

Here FZ sin(y,) = DZ sin(8,) =>

2 2 2. (AFDIYB. 2 _ TxT37y 2 )
()= (rz) ( ) ( ) = Grara) = (r—__, o 'x) 1 which proves our statement.
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Test 2 (2011, May 22)

TST2.1. Given an odd positive integer m. Prove that, there exist an infinitely many positive integer n
such that

2" -1

mn+1

is an integer.
proposed by B.Battsengel

TST2.2. Incircle of the triangle ABC touches sides BC, CA, AB at points D, E, F respectively. The line EF
intersecis with line BC at P and with the middle line parallel to side BC at . The median QM of triangle
DQP intersects with the incircle at R. Prove that, ZBRC = 90°.

proposed hy B.Battsengel

TST2.3. Given an operation that transforms a sequence (@0, Qy-1,8,) O Sequence
(az,a3,*,a,, 0, - ;) for n > 2. Suppose, that, the sequence (—1,—1,,—1,—1) with all n entries
n
equal to —1 transforms into itself by & number of operations. Prove that, the sequence
(~1,~1,--,~1,—1) with all 2" — 1 entries equal to —1 transforms into itself by 2% — 1 number of
-1
operations.

proposed by B.Battsengel

Solutions of the problems

TST2.1. Let p be a prime satisfying p > m and p = 1 (mode(m)). By Dirichlet's theorem, there exist
infinitely many such primes p. Euler's theorem 2% (™) = 1 (modm) implies that, 27~ — 1 is divisible by

me—z, then we have mn + 1 = 2P — 1. We have p|n by Fermat's little theorem, this implies

(mn + DI(2™ - 1) as desired.

m Letn=

TST2.2. Denote the incircle by w and the circle with diameter BC by y. We will show that, the line QM is
the radical axis of circles w,¥ and the desired result follows from this easily. Points (B,D,C,P) are
harmonic 4 points, so we easily obtain an equality MB - MC = MD? for the midpoint M of segment DP,’
which shows point M lies on the radical axis of circles , y. To show that point Q lies on the radical axis,
we will use following well known fact. (Now this fact is well known and it was proposed first in
Mozgolian Mathematical 26th Olympiad of year 1990 to 9th grade students. The proposer was
B.Ulz:nasan and by that time the proposer was 10th grade student.) Let A", B, C’ be midpoints sides
BC.CA 4

Lemma: Incircle of the triangle ABC with
center [ touches sides BC,CA,AB at points
D,E, F respectively. The line passing ihrough
points X =(BI)N(EF) and Y =(ADnN
(DF) coincides with the midline 4'B"




Proof of lemma: We give a proof from the pamphlet "Mongolian Mathematical 26th Olympiad”. Assume
that points X, ¥ lie inside of triangle (figure), other cases are treated similarly. Let P = (XY} n (AC) and
Q = (XY) 0 (BC). Since XF L YA and YF L XB, the point I is the orthocenter of triangle XYF. Hence
XY LIF or XY || AB. This implies the triangle EPX is similar to isosceles triangle EAF, thus EP = PX.
Similarly we obtain DQ = QY. Also XY |} AB implies that triangles XQB, Y PA are isosceles. Hence
2:PQ=PX+XQ+PY+YQ=PE+BQ+PA+DQ =
= (PE + PA) +(BQ 4 DQ) = AE + BD = AF + BF = 4B,
that shows the line PQ coincides with the midline A'B’,
=

By lemma, the point S = (4'B') N (EF) lies on the
bisector of angle #ABC. Hence triangles BDS, BFS are
congruent and £DSB = £FSB = £PSB. By well known
property of harmonic 4 points (B,D,C,P), we have
£BSC =90° or S € y. Similarly one gets T = (4'C) n
(EF) €y. Triangles QEB',QTC' are similar, hence

£ Triangles QSB',QFC' are similar, hence

o _ o E_E “QF = 0T -
. Thus we have T or QE - QF = QT - @S,

this shows the point Q lies on the radical axis of circles
w,7.

TST2.3. Consider a sequence {a,, } of terms equal to £1,
defined recursively by relation a1y = @ tn—t * Ams1.
Then the sequence (ay, ay,*+*, @, —y, a,) transforms to $equence (Qp, 41, G 42, » A 4n—1s Amsn ) after m
number of operations. Note that, the sequence (~1,~1,-+,—1,~1) with all n terms equal to —1

n
transforms into itself by k number of operations if and only if the sequence {an} is periodic with period
k. If we set a, =(~1)bn, then the sequence {bm} of residues modulo 2 satisfies recurrent relation
by = by + bypyq (mod2) with characteristic polynomial x" +x"~1+1 € Zy[x] and the
sequence {ay,} is periodic with period k if and only if (x™ + x"! + 1)|(x* + 1) in Z,[x]. By this
interpretation, we have to prove divisibility
(4224 1) 4 1)
of polynomials in Z,[x] assuming (x" + x"~1 + 1)|(x* + 1).

We can replace x by i andx™ + x4 1by x" x4 1. Suppose that
X T=am (" b+ 1) 4o 2 x4 1),

Replacing each formal power x! by %' in this equality of polynomials, we will get new equality

xzk tr= (xzmw: + x2m1+1 +x2m) ot (xzmsn +x2ms+1 " xzms).
Note that

A T g2 = (2T (2 P+ = " a2 +x)?"
for all m, here the last equality follows from the equiality g(x)? = g(x2) true for all polynomial g(x) €
Zy{x]. Thus
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= )P e (2 4?4 )P
and dividing this equality by x we will get desired result.

TEST 3 (2011, May 26} U, BATZORIG

TST3.1. Find the number of ordered triples a,b,¢ of distinct integers such that ~47 < a,b,¢ < 47 and
a+b+c>0.

Solution: [{a,b,c}: —47 <a,bc<47,a+b+c <0l ={abc): —47<a,bc<47,a+b+c>
0} Soitis sufficient to count |{a, b, c}: — 47 <a,b,c € 47,a + b + ¢ + 0} which is not difficult task.
Thus the answer is 68655 - 6 = 411930. .

TST3.2. Find all functions f: R — R such that for all real x,y x" f(y) = y"f(x) = f G)
Solution: Let x" f(y) — y" f(x) = f G) €3]

Let substitute ;nto {i}x=y=1,then f(1) = 0.

Let substituteinto (1} y = 1, then f G) =-f(x) (2).

Let substitute into {1}y = 1/x, then taking into account {2) we get (x?) = (x" + ;1;) fx). 3

Let's change x by x* and y by % in (1): ™ f(y?) =y f(x®) = f (;_i) or (in view of (3)): x2" (3’” +
Lo -y (e + D) e = (4 2)f(0). @

" x

By subtracting from (4) equation (1), multiplied by i + L , we can get: y*{1 — x*)f(y) -
yll xﬂ.

x"(1 - y®)f(x) = 0. Separating variables: —,&)—n = -{—(% Left side of this equality does not
A

depend on y, and right side does not depend on x, therefore 1’—9—);=c, where € R.
s

By simple check we can see that the function f(x) = c(;ln- —x™) isindeed the solution of the

equation.
. - 1 1 1
TST3.3. Let nbe aninteger and ay, ..., a, real positive numbers. Then prove that =5t P +ot Pl
1 n
1 o1 1 1 2011 }?
o2 i 2(__+._.+..‘+... _._______)
(ay+az++ay) (n+2011)° \ay a3 a, ajtaz+ta,
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Solution: By the Cauchy-Schwartz inequality
[+ R e v

ay? et ap?  (aytagtetan)?
[l 1, 1 ! ]’{uz.m. LI
+ Fert — t b n 3
T an__ n(a +aztetag) loy ay s n(agtagtan) 4 n3+41 (_L _1_+
3 = ]
[1+1+-A-+1+ll] (n3+1) m?+2011)2\ay a2
n o
1 ‘2011

)2 = n(n2+2011){;;1—-+a—3—+~-+—3—+ . ]

an atazt+tan ay n{ay+ag++ay)

RN N U SOt
(n +1)L1 +ﬂz + +an +(a1+42+"'+an)
> 3+ 1)2?=1%+ @011 + 201 1)~ &

X?:; a; =1 8¢

(2011n—1) ):,.":1;1: 2@0n-nl=tr = z;;lal[zyzl @ 2n? QED

{=1g]

| =

(1 +2011n) £, =+ (n? + 2011)

Test 4(2011, May 29)

TST4.4. Let Aj4; A, 1A, be a convex polygon and n>4. Find the maximum number of
quadrilateral 4;4;414;424;.3 in which one can inscribe a circle (here Aypq = Ay, Apyn = Ap Anis =
As).

Jolklore

TST4.2. The radii of incircle and circumeircle of the triangle ABC is r and R respectively. A circle y, is
internally tangent to circumcircle at point A and externally tangent to incircle of the triangle. Similarly
one defines circles yg, y, and let ry, 73, ¢ are radii of circles y,, ¥, y¢. Prove that

R-1y, R-r1 R-—rc>3R
rdr rtdry r4dr T 4

proposed by B.Battsengel

TST4.3. Find with proof n, for which there exist polynomials P(x), ¢(x) € R[x] each of degree n such
that their composite polynomial P(Q(x)) has n? distinct real root forming an arithmetic sequence. ’

proposed by B.Battsengel

Solutions of the problems

TST4.1. Answer: | for n =4 and E} for n 2 5. Suppose that n = 5 and 2 consequent quadrilaterals
Al 1142413, AMAHZAMAH,, are both inscribed. By simple criteria of inscribed quadrilaterals, we
bave  Aidigs + Aodivy = AinAng + Aidns and AgAig + A = Al + A A
Summing the equalities we obtain A;A;1y + Aryadise = Aidiys + Aip1Aies Let O be intersection point
of segments A;A;y3 and A;14;44, such a point exists because our polygon is convex. By triangle
inequality we have 4;4;1y < A;0 + A;410 and Ay 34,44 < OAj3 + 04,4, summing this 2 inequality
we obtain
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A+ AsAiy <40+ 0413+ Ay 0+ 04 = Ay + Ajabive
This contradicts to A;A; 1 + Aipsdie = Az +

D 4 g . AjgAisy, so among any 2 consequent
b quadrilaterals 4;4;,14;124i43, Aiv1dir28ii38iss
a -~ | ‘\l‘“‘\.\ a at least one is not inscribed and this gives upper
J/ i . ..
P d \ /.e' \\i\ bound [%} for the number of inscribed
-~ m_ g
= uadrilaterals.
B C 4

Suppose that, n=2m is an cven. Consider an
isoscelis triangle ABC with base angle ZABC = £ACB = % Draw tangent line  parallel to base BC to
its incircle (figure). Let (AB)n# =D,(AC)Nn¢ =E, then BDEC is inscribed isosceles trapezoid.
Denote b = DE and a = BD = EC. Using
this isosceles trapezoid one can construct Ay b A
convex 2n-gon Ay Ay -+ Agp .1 Azy with side ,/_\
lengths a,b,a,b,-,a,b as shown in the a7
figure. Note that, the angle between 2 vectors A . Shes 4
A4y, AzA, s 2;" and so  vectors l:-' N )

|

A, 1
ZI_A_Z', :4—374', 'A—z:u:A—z: form side vectors )
of regular n—gon, thus their sum vector is 0. |
Similarly we have ApAy + Agds + -+ A [
A8, =0 and this shows that our
construction gives indeed a convex polygon. D N
By construction quadrilaterals . \ 4
A Az A3 Ay, A3A4Asdg, - Agm -1 Aam Ay . —t
are all inscribed isosceles trapezoids,

Now suppose that, n=2m+ 1. Consider polygon A4;4;-Azpn-14a, constructed before. By
homothety centered at A,,,_; with coefficient 1+ ¢ (¢ is sufficiently small), the incircle of triangle
Agm 142 Ay goes to a circle still tangent to sides Ay, —1 Az, Agm -1 A1 but intersecting the side Azp A;.
Draw tangents from the vertices Ay, A to this circle and let Az, 41 be the intersection point of these
tangents. Then for the new polygon A Ay Ay Armsts quadrilaterals
A1ArA3Ay A3AgAsAs, -, Agm3ham-2A2m 1 A2m 408 Ay 1Az Az 1Ay are inscribed.

TST4.2. Denote by 0,1 the centers of circumcircle, incircle of triangle ABC and let I, be the center of
circle y, (figure). Writing Stewart theorem to cevian [I of triangle A0, we obtain relation

102 Aly + 1A% - 1,0 = AO(IIZ + Al - 1,0).
Here Aly=73,0,0 =R—r1,A0 =R, =1 +7, and [0° =
R? — 2Rr is the famous Fuler relation. Substituting this into the

R, Rr
i N a _ Br
relation we find 1A%+ (R — 1)) = Rr(r +41y) or rvepkalyie
o R—ry Rr R-r¢ Rr Th .
=— == Thus given
Similarly one finds vl T L v T) g
. . . f : . re r2 re >§_
inequality is equivalent to inequality m+uTz+7:—2“ or

27
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sin? % + sin? g + sin? % z %, where a, B,y are angles of triangle ABC. The last inequality is equivalent to

well known inequality cos e + cos § + cosy € % true for angles in any triangle.

TST43. Answer: n=2. If P(x) = 2% = 1,Q(x) = 2% — 5x + 5, then polynomial P(Q(x)) has roots
1,2,3,4 forming arithmetic sequence. Now suppose to the contrary that, there are such polynomials
P(x),Q(x) of degree n = 3. Roots of composite polynomial P(Q(x)) are solutions of polynomial
equations Q(x) =y, (1 <i<m), where y, 1< i < m) are distinct roots of polynomial Q(x). Since
the composite polynomial has n? number of distinct roots there must be m = n. Furthermore all the
equations Q(x) = y; (1 < i £ m) must have n distinct solutions.

Let 2y < <z, are roots of derivative (' (%). Then the polynomial §(x) is monotone on each of\n
intervals

(_'°°: ZI)' (ZI:ZZ)v R (z’n-len-l)t (Zn—lﬂm)
and Q(x) is increasing and decreasing alternately on these intervals. Thus increasing, decreasing behavior
of polynomial ¢(x) on the Ist and 3rd
interval is the same. Foreach i (1 <{ <

i y=0(x
n) the equation Q(x) = y; must have m
ctly one solution in each of th !
exactly one solution in each of these 4 /f\\

intervals. Let xy; be the solution of Y=V
7/; Y= n

and x3; be the solution of equation

equation Q(x) =y; in the Ist interval
Q(x) = y; in the 3rd interval. Assume Y=h

==

\

]
1 d

¥
| |
i 1
3 1
: r
i !
h 1

]
| |
1 ]
1 1
i t
A |

S

3
1
i
T
1
[}
1
t
1
i
|
L

that Xip < <Xy, then x3y <o < - B \J/ =N
X3, since behavior of polynomial Q(x) :E

on the 1st and 3rd interval is the same 1 >
(figure). By assumption the roots "x“ X Z 2y Xy Xy, 2 x

Xy3,+, %y, of polynomial P(Q(x)) are
n consequent members of arithmetic
sequence, also roots Xaq, -+, X3, are n consequent members of same arithmetic sequence. Thus

B =X = F Ay~ Xy =4
for some a # 0 and xyy, -+, x,,, are solutions of polynomial equation Q(x + a) = §(x). But Q(x + a) -
Q(x) is a polynomial of degree n ~ 1, so it has at most n— 1 number of solutions. This leads to a
contradiction.
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